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1. INTRODUCTION

For a sequence (a,),>1 of arithmetical interest, it is often desirable in additive
number theory to have, for large X, an understanding of the L? norms of the ex-
ponential sum M(a) = Y, -x ane(na). A sufficiently good understanding of these
can also lead to estimates for the measure of {a € [0,1] : [M(a)| > A} for A of an
appropriate size.

The case of L! norms has recieved particular attention, and there are few tools
to study them. For these problems, obtaining good lower bounds is particularly
difficult in many cases as the main contribution to the L! norm is not dominated
by large values on a small portion of the interval [0, 1]. As a result, a large portion
of the contribution may to the L' norm may end up coming from points far from
those at which the exponential sum is easy to estimate (typically rationals with
small denominator). We mention here some of the previous work on the topic.

Littlewood conjectured, and McGehee, Pigno, and Smith [11] proved that if S is
some set of 1 integers, then fol [Y, Is(n)e(na)|da > logn.

For specific sequences, and in particular those for which a, is related to the
multiplicative structure of 71, one expects the true value of the L! norm to be closer
to the upper bound one obtains from Cauchy-Schwarz and Parseval. This is what
happens in the case of sequences with elements chosed uniformly at random from
{—1,1} by Khintchine’s inequality. Because of this, it is reasonable to expect that
in many cases, if the coefficients have some multiplicative structure, then they
should behave randomly with regards to additive considerations.

In the case thata, = A(n), the Von-Mangoldt function, it was shown by Vaughan

[12] that f01 | Cp<x A(n)e(na)|da > /X, and it was shown by Goldston [6] that
Jy | Eex Alm)e(na)|de < (42 +0(1)) \/XIog X.

In the case that a; is the indicator function for r-free integers, Balog and Ruzsa
[4] showed that fol | Yn<xane(na)lda < X r%, improving on work of Briidern,
Granville, Perelli, Vaughan, and Wooley [2].

In the case of the Mobius function, Balog and Ruzsa [4] have shown that
fol | Cp<x p(n)e(ne)|da > X'/, improving on previous results of Balog and Perelli

clog X
loglog X )’ >

[3] and Balog and Ruzsa [5] who obtained the lower bounds > exp(
X1/8=¢ respectively.

In the case of GL(1) objects, it is easy to show that if x is some Dirichlet character
modulo g, then fol | Cn<x x(n)e(na)|da ~ Cylog X for some C; > 0.
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In this paper, we make a contribution to the GL(2) case by studying the divisor
function T(n) = Y4, 1. In particular, with

M(a) = Y t(n)e(na),

n<X

we prove the following result.

Theorem 1. We have that
1
/0 IM(a)| = CVXlog X + O(VX)

where

This improves on the bound

1
VX < /0 |M(a)]da < VX log X.

obtained by Goldston and the author in [7]. This problem was previously at-

tempted by Briidern [I]], who claimed to have shown that fol IM(a)] < VX. It
turned out that there was an error in the proof of a key lemma, which turned out
to be false.

Let us now briefly describe the main ideas of the proof. We use Klooster-
man’s refinement of the circle method. This leads us to require good estimates

on M (% + ﬁ) forqg < VX, |B| < (gvVX) 2.
To do so, we must first replace the cutoff 1[1,){](”) with w (%) for w some
smooth function supported on [0,1] equal to 1 on (7,1 — 77) for some sufficiently

small 7. Due to the fact that the size of 7(n) may be large for various points, we

1

require that # depends on X and is at most o (@) The fact that we cannot sup-

pose that the derivatives w(/) are Oj(1) for all j requires us to be quite careful in
some parts of the argument.

At this point, we use Voronoi summation to obtain that the exponential sum in
question is equal to a relatively easily understood main term plus an error term

roughly of the form % Y. T(|n|)e (%”) fq,6(1) Where f, ¢ is some reasonably well-

understood function that can be thought of as (with the dependence on p largely
coming from bounds on derivatives of w) being concentrated near the points 1| <

é - X¢. We may bound this error term quite straightforwardly, using integration
by parts to control the complications that arise if f is large, though even assuming
that w does not depend on X, the bound one obtains is off from what we desire by
about log? X.

However, we may note that f, s does not depend on 4, so on average, as a
ranges over coprime residue classes mod g, there must be cancellation between
summands in the error term for most 4. This is expoited by Cauchy-Schwarz and
orthogonality, giving a saving of q'/2 for all somewhat large n which still con-
tribute a nonnegligible amount, and further concentrates the relevant mass of f
near 0, enough so that the potentially large size of T at some points ceases to be a
issue, removing the problematic factor of log? X by allowing us to treat the very
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first few terms differently so as to avoid the issues that come from smoothing. In
the end, when B = 0, we obtain a bound of O(Xl/ 2) on average for the error term,
which suffices.

Obtaining an asymptotic formula when a, = A¢(n), the nth Fourier coefficient
of some holomorphic cusp form f, seems significantly harder, as the exponen-
tial sum is small everywhere, and there is no “main term” around rationals with
small denominators like we have in the case of the divisor function. Determin-
ing the L! norm up to a constant factor however, is quite easy. In particular, the
estimate fol | Lnex Af(n)e(na)lda = VX follows from Holder’s inequality, the
asymptotic), < x |/\f(n)|2 ~ ¢sX, and the pointwise bound Y, <x Af(n)e(na) <
VX of Jutila [8].

Another natural extension is to instead of T(n), consider 73(1n) = ¥4, dpd;=n 1-
The problem becomes significantly harder in this case however, since the effective
length of the error term from Voronoi summation is significantly longer.

2. SETUP

Let Y = X9 with § = ﬁ, and let w be a smooth function taking values in
[0,1] supported on [1/2, X] such that

wu)=1lforl1<u<X-Y
w(u) < YT forje {0,1,2},u>1

Instead of working with the L!-norm of M(«), it suffices to work with the L!-norm
of

M*(a) = Y t(n)w(n)e(nw)

n<X

since we have that by Parseval and Cauchy-Schwarz

\ [ M@)da— [ 11 @)

= /01 X—Y;ngx 1 —w(n)|t(n)e(na)|da
= </01 X—qugx 1= w(m)lr(m)e(na) 2d“>1/2

<

1/2
( T(n)2> < X1/2_§/2+8.
X—=Y<n<X

Let Q = V/X. Then, we have by (20.9) and the proof of 20.7 in [10]

2.1)
/0.1 IM*(a)lda =Y Y /;Ol/w) A <Z +/5> ’d“/o-l/(aq) ‘M* (_Z +ﬁ) ’dﬁ.

9<Q Q<a<g+Q
(aq)=1
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where 7 is so that a4z = 1 (mod g). From (4.49) in [10], we have that for all f and
9=Q(aq) =1

M* (Z + ﬁ) = rgr(n)e <a:> w(n)e(nB) = ;/(Joo(logx + 2y —2logq)w(x)e(xB)dx
+) e (—T) A(n,q, B)

where here

_27”7(”) Jw(x)e(xB)Yo (4”‘4/%) dx n>1
—J0 n=20

A(n,q,B) i -
- Jw(x)e(xB)Ko <q> dx n<0.

Here, Yy, K, are the standard Bessel functions. It follows that

1
/ M*(a)de = E+R
0

where
1/(aq)
E=Y ¥ [ L)l
<QQ<a<q+Q” ~1/(aq)
(a,q)=1
with
I,(B) :/0 (log x + 2y — 2log q)w(x)e(xpB)dx,
and
« 1/Q)
R< / Raq(B)|d
L L [ RealPlde
where

Then, the main theorem follows from the following two lemmas, which we prove
in the next two sections.

Lemma 2. We have
R < VX.

Lemma 3. We have

E = CVXlog X + O(VX).
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3. THE ERROR TERM

In order to prove Lemma 2, we shall in fact show the following.
Lemma 4. We have that forall g < Q, |B| <1/(9Q)
2 IRaq(B)] < g 2 4 gX1/2 4 X2g3/24e o |B|2gB/2XT/4 4 | B|RgB/ 2 eXT /AT,

Proof of Lemmal2] assuming Lemma[4 Clearly, we have that by Lemma 4]

R—ZZ/ IRug (8108

1/(
Z/ q +qX1/2+X25q3/2+€+|[3|2q5/2X7/4+|‘B|2q3/2+sX7/4+2‘5dﬁ
9<Q
1/2+¢ -1/2 —3/2+¢
9 . 9" q ""7/4 9 7/4+26
<Y1+ 1y X%+ XAl x
L'Tet g Q Q

< Q+ Ql/2X2(5 + Q75/2x7/4 _._X7/473/2+2(5 & X1/2

and the desired result follows. O

Proof of Lemma (4} Note that by Cauchy-Schwarz, we have

* an
RiB) = X[ T (-2 ) atma.)
afg) |7 1
% an
LYl T e(-T)amap)
meZa(q) | gm<n<q(m+1) q
%
" an
< Z ql/Z (2 2 e (—) A(n,q,B) )
meZ a(q) ' gm<n<q(m+1) 1
Let
* an 2
B =L L e(-")amap)
a(q) | qm<n<q(m+1) 1
Note that then we have
2
% an an
Bq,m(,B) = Z E e <_> n,q,B Z Z e <_> A(n,q,B)
a(q) ' gm<n<g(m+1) 1 a(q)! gm<n<g(m+1) q

L ¥ ‘f(—a(nlq_))A(nM,ﬁ)A(nz,qrﬁ)

q) qm<ny,ny<q(m+1)

= Z A(n1,q,B)A(n2,q, B Ze( an))

gm<ny,ny<q(m+1)

=7 Y, |A(magp)P

gm<n<g(m+1)
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so it follows that

1/2
(3.1) Ry(B) < Eq( Y |A<n,q,ﬁ>|2) :

mez gm<n<g(m+1)

Integrating by parts twice, and noting that w is supported on [1/2, X]| we obtain
(with B, denoting either Y, or K, depending on the sign of #) that for all n # 0

ety (4”“'” )
B2 = T e(xB)(w” + 4mipw’ — 4 BPw)(x) <x32 <MWM>> ’

ar2|n| J1,2
We have that from the bounds on w that
(w" + 4mipw’ — 4 B2w) (x) < X2 (B> + (|Blx " + X2 Lee/210x-v,X])
(3.3) < XP(IB + Lyept 2 1jux-v,x % 2)-
so from we obtain that for |n| > g2, by (4.9) in [13]

[ B (4”“”7)

2 oo
< |ZT| /1/2 X% (x|B]* + ]1x€[1/2,uu{X7Y,X]x—1) B

2 X
< qXZ‘S(/1/2x|ﬁ|2q1/2x_1/4|n|_1/4dx+

7]

< q5/2\n|’5/4\[5|2X7/4+2‘5+q5/2|n|’5/4X2‘5

2

()

/ x—lql/zx—1/4|n|—1/4dx>
[1/2,1]U[X~Y,X]

so by the divisor bound 7(n) <, n° we have that
A(n,q,B) < |n|Eq®2|n|~5/4|B2X7/4+20 4 g3/2|y|-5/4+ex26,
It follows that for |m| > g
Yo 180q, )P < XPm (g (qlm]) =2 + |BI*g* X7 2 (qlm])>?)

gm<n<q(m+1)
< (q3/2+|/3|4q3/2X7/2)X4‘5|m\_5/2+€
SO
1/2
COREDY < )y IA(n,q,ﬁ)F) < X2(qV/2e 4 |pPgl/2HexT/),
[m|>q ~qm<n<q(m+1)

From now on, until specified otherwise, we shall restrict ourselves to |n| < 42,
|m| < g.
For n # 0, by integration by parts

A(n,q,B) < T(j)ww + 18a(m)] + |8s(m)])
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where

Ay = Aq(n,q,B)

e(xB)w(x)x'/?B, (47{ ”qx|n|> d
/;iye(xﬁ)w’(x)xl/zBl (47[ ~qx|n> d

72 47/ x|n|
\/W/l/z X,B B1 (q )d

We have, from (4.9) in [13] and integration by parts that

2 Vx|n
= ITn’[f /(27tz',Be(x,B)w(x) +e(xB)w'(x)) <x32 <47T||>> dx

< @Bl ( [ OB+ (62 e [

Dy = Dy(n,q,B) =

q
Vinl

A3 = A3(n,q,B) =

18] + [/ (x >|>q2dx).

The first integral is

< q/2x3/4 /X)iy ' (x)|dx + g2 || X3/% /1X dx < q/2x3/% 4 g/2X7/4 |
while the second one is
< |,B|q4|7’l|_1 _,’_qZ < |ﬁ|q1/2X7/4+q1/2X3/4.
Combining these, we obtain that
(35) My < |BIGP2X |4 4 |2 XT ] 5

Similarly, integrating by parts, we obtain that

2 X
t < [ (Bl ()] + " () B (4” vl ) a
<@ [ By x0Ty (4”Vx”>

n| Jx
(3.6) < |ﬁ\q5/2X3/4|n\‘5/4 + q5/2X—1/4+5|n|—5/4_

In addition, we have from (2.5) in [13] the bound B;(x) < x~ /2 for x > 1, so we
obtain that

B7) A< 7/ (Y 1q1 /25 V412 1/ g o BI2X1/A ]y ~3/4,
XY

Also, from the bound B;(y) < y~!, we obtain that

2
(3.8) Ay < 1

m.
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Therefore, combining (3.5), (3.7), (3.6} and (3.8) we have that

A(n,q, B )|<<T(|n|)<| |+|ﬁ|q3/2X3/4|n| VR RXT |

+ min(q3/2X_1/4+‘5|n|_5/4,q1/2X1/4|n_3/4)> ,

so we have that

2 2() 2 33/2T(1)° 4 3y7/2T(n) 1/2T(n)?
‘nlgqu(n,q/ﬁﬂ <<0<nzg2qq L+ BPEX2E S |l XTI x2S

(39) < q2+ |‘B|2q3x3/2 + |,3|45]3X7/2+QX1/2/

and for1 < |m| <gq

Y. [Amagp)

gm<n<q(m+1)

1 1 1
1tef 2 4 3v3/2 3y—1/2426
<q (‘7 TR + [BI* "X m[5/24572 +7X q5/2|m|5/2)
gi+e . |B4qL/2X3/2  g3/2x—1/2+2
|m|2 |m[5/2 |m|5/2

<

Therefore, it follows that

oo ¥ |A<n,q,ﬁ>|2)l/2

1<|m|<q  Ngm<n<q(m+1)
1 1
1/2 2. 1/4 3/4 3/4 1/4
<q Z q/+sm+|‘3|q/+sx/| |5/4+q/x /—i—z>|m‘5/4
1<|m|<q

< P L |BRgP X3 g7 A/,
Putting this bound together with (3.9), (3.4), and (3.1) yields that
(310)  Ry(B) < g+ qXV/2 4 |B2qT2X7/ 4 XGPIE y |ppagd e x4,

The desired result follows. O

THE MAIN TERM

In this section, we prove Lemma 3| Note that we have that

1/(aq) .

e=x ¥ [ lnees-2 w7 e
9<QQ<a<q+Q’~1/(a9) 4 g<Q 1 Q<a<q+Q
(a,9)=1 (a.q)=1
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For B < 1/X,q < Q, we have that by the triangle inequality
X
(B)| < | |logx +27 ~2logqldx

7 X
< /1/2 log(g?/x)dx + /2 log(x/q%)dx + O(X)
q
= ¢°log(q) — (9" 1og(q*) — 4°) + Xlog X — X — g*log 4> +q° — (X — ¢%) log 4* + O(X)
= Xlog(X/q*) +O(X).
It can then be checked that the contribution due to f < 1/X can be disregarded.
Indeed, we have that
1/X 1
¥ 2D "1 p)ap < & T X(og(X/g?) +1) < X2
g<Q 170 q<Q
We shall therefore now restrict our attention to > 1/X. Note that we have that
by integration by parts

L(B) = /(logx + 2y —2logq)w(x)e(xB)dp = 1;(/5) + 15(5)

where
B = g | o elxpaa
2 1 X /
I;(B) = 3B /Xiy(logx + 2y —2logq)w'(x)e(xpB)dx.
We have that
I;(,B) < ENy log x + 2y —2log gdx < 1(log(X/qz) +27).
BY Jx-v B

Also, we have that

I;(ﬁ) _ 1 ’571 w<x)dx+O (ﬁl /1/31 |€<xﬁ) — 1‘dx+,[3*1

/;—(1 Me(x,B)dx

X

2wl x /2 X > )
From the inequality |e(a) — 1| < |a], it follows that
—1
[,
1/2 X

and by integration by parts, we have that for § > 1/X

/X w(x)e(xﬁ)dx = ﬁw(ﬁ_l) + 27;5 ﬁ.Xl w}gf)e(xﬁ)dx _ !

w'(x)

-1 X 2mif Jx-y X e(xp)dx
X 1 X

<1+ [3’1/ a7 [0 vy lar <t
p1x X-Y

Therefore, we have that
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1/ (aq)
DI B AT

1 2
i B(log(X/q )+ 1)dﬁ>.

The term inside the O(—) is

< Y log(X/q*)?* +log(X/q*) < VX.
9<Q

At this point, the lower bound of > VX log X follows. Indeed, we have

1 1/ /(aq )log(‘B (P , )

7 q Sl ((log X)* ~10g(29Q)?) > vXlog X

qSZQ 1 geazgrQ 9 /1/X 278 q;Q q
(a,9)=1

by partial summation.
Now we shall show that with

1 Z 'y /1/(”)1(’55(51),1[3

a0 Q<i<ytQ /X p
(a,9)=1

Z Y log® X —log*(aq),
e Q<a<q1Q
(a,9)=1
S = CvXlog X + O(v/X) with C =.
From the identity
]l(a,q)zl - ZV(d)

dla
dlg

we obtain that

S=Y Y (log’X—log(aq)) Y p(d) =Ss+Ss
9<Q Q<a<qg+Q d|a

dlq
where
1 1 > 5
Sy, = oy 2 u(d) Z - 2 log” X —log~(aq),
Q>d>X1/4 9=Q 1 Q<a<g+Q
dlg dla
and

S3 = 271 Y ud) Y- Y log?X —log(ay).
d<xl/4 q<Q q Q<a<g+Q
dlq dl|a
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Note that
1
Sy <log’X Y - Y1
Q>d>X1/4q4<Q 1 Q<a<g+Q
dlg dl|a
1
< log2 X Z Z 2. %
Qzd>x1/49<Q 1
dlq
3 1
<Qlog’X ) =
Q>d>X1/4
(3.11) < XY410g® X.

In addition, we have that

Ssz% Y op@ Y- Y log?X —logi(ag)

d<Xx1/4 9<Q q Q<a<g+Q
d|q dla
1 1
=5 Yo ou(d) Y, — Y log? X — log?(apqod?)
d<x1/4 q0<Q/d 10% Q/a<ay<qo+Q/d
1 1 q+Q/d 2 2 2
= 5= u(d) (/ log” X —log”(yqod~)dy + O(log X))
21 d§§/4 IJOSZQ:/d qo0d \ JQd
1 1 otQ/d 2 2
== u(d) 7/ log™ X — log”(yq0d”)dy + O(—)
27 d§§/4 L](JSZQ/d qod Q/d 8 g

where the error in the O(—) is
1 1
< log? X Z Z — < log’ X Z F < log® X.
d<x1/4 gg<Q/d 10 d<x1/4

The main term is equal to S4 — S5 with

1 u(d) 2
Sa=-— )Y = ) log’X,
2m d<X1/4 d q0<Q/d
1 d 1 [90+Q/d
=50 L(d 'y o log? (yod?)dy.
d<Xx1/4 go<Q/d 70 /Q/d
Note that
(3.12)
1 2 u(d) —1/4 1 2 1/47..2
Sy = 5—Qlog" X E(1+o(x7 V) = VXlog? X +O(X"*1og? X).
2= %% % gﬂ 2 217(2) & &
In addition, we have that
d 1 1+dgo/Q
55 = % )y Lﬁz) log (ydq0Q)dy.

d<x1/4 90<Q/d 90 /1
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With A = dgoQ, the inner integral is equal to
) 14+dqo/Q
llog* ) — 2log(Ay) +2)|
1
14+dqo/Q
= [y(log2 y+2(log A —1)logy +2 — 2log A + log? A)]
1

= d—go(Z—ﬂogA—l—long) + (1+ qu0> <log2 <1—|— dg)) +2(log A—1)log <1+dgo>>

so by various manipulations including the identities

Q/d dt
/1 log(1 + td/Q) log(tdQ) - = ~Lix(~1)log X +O(1)
and
4 o/
5/1 log(1 + td/ Q) log(tdQ)dt = (2log2 — 2)log X + O(1)

where Li; is the polylogarithm function, we obtain that

=9 & [T - 210s040) +1og140)

B E d§X1/4 7 1 Q
+ (1 + g) (log2 (1 + th> +2(log(tdQ) — 1) log (1 + g)) dt + O(X1/4+¢)
_Q pd) (4 d

2
27 d<x1/4 7 J1 6(7210g(tdQ) + log (tdQ))

n (1 + g) (ZIOg(tdQ) log (1 - ‘g)) dt+O0(x'?)

__9 (log? X — 4log X + (2log2 — 2) log X — Lip(—1) log X) + O(X/2)
21g(2)
_ 1 2y 1/2
—Zﬂg(z)\/ﬁog X — CvVXlog X + O(X/?)
where
3 . 18  6log2 1
C=—5(4+2-2log2+Lip(-1)) = 5 —— 2~ — — ~0366....

The desired result then follows.
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