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The Equivariant Tamagawa Number Conjecture:
A survey

Matthias Flach
(with an appendix by C. Greither)

ABSTRACT. We give a survey of the equivariant Tamagawa number (a.k.a.
Bloch-Kato) conjecture with particular emphasis on proven cases. The only
new result is a proof of the 2-primary part of this conjecture for Tate-motives
over abelian fields.

This article is an expanded version of a survey talk given at the conference
on Stark’s conjecture, Johns Hopkins University, Baltimore, August 5-9, 2002. We
have tried to retain the succinctness of the talk when covering generalities but have
considerably expanded the section on examples.

Most of the following recapitulates well known material due to many people.
Section 3 is joint work with D. Burns (for which [14], [15], [16], [17] are the main
references). In section 5.1 we have given a detailed proof of the main result which
also covers the prime [ = 2 (unavailable in the literature so far).
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Part 1. The Tamagawa Number Conjecture in the formulation of
Fontaine and Perrin-Riou

The Tamagawa number conjecture of Bloch and Kato [10] is a beautiful gener-
alization of the analytic class number formula (this is a theorem!) on the one hand,
and the conjecture of Birch and Swinnerton- Dyer on the other. It was inspired by
the computation of Tamagawa numbers of algebraic groups with, roughly speak-
ing, motivic cohomology groups playing the role of commutative algebraic groups.
In [35] and [34] Fontaine and Perrin-Riou found an equivalent formulation of the
conjecture which has two advantages over the original one: It applies to any inte-
ger argument of the L-function (rather than just those corresponding to motives
of negative weight), and it generalizes to motives with coefficients in an algebra
other than Q. Independently, Kato developed similar ideas in [48] and [49]. In this
section we sketch this formulation.

1. The setup

Suppose given a smooth projective variety
X — Spec(Q)

and integers 4,7 € Z. The "motive” M = hi(X)(j) is the key object to which both
an L-function and all the data conjecturally describing the leading coefficient of
this function are attached. For the purpose of discussing L-functions, one need not
appeal to any more elaborate notion of motive than that which identifies M with
this collection of data (the ”realisations” and the ”motivic cohomology” of M).
One has
o M; = H}(Xg,Q)(j) a continuous representation of the Galois group Gyg.
e The characteristic polynomial B,(T) = det(l — Fr; ' - T|M,”) € Q[T]
where Fr, € Gg is a Frobenius element. It is conjectured, and known if
X has good reduction at p, that P,(T) lies in Q[T and is independent of
l.
e The L-function L(M,s) = [, Po(p~*)~", defined and analytic for R(s)
large enough.
e The Taylor expansion

L(M,s) = L*(M)s"™) 4 ...

at s = 0. That L(M, s) can be meromorphically continued to s = 0 is part
of the conjectural framework. This continuation is known, for example,
if X is of dimension 0, or X is an elliptic curve [13] or a Fermat curve
oV 4+ yN = 2N [76] and i and j are arbitrary.

Aim: Describe L*(M) € R* and r(M) € Z.

Examples. a) If M = h%(Spec L)(0) for a number field L then L(M, s) coincides
with the Dedekind Zeta function (r(s). If we write L g R = R™ x C™ then
r(M)=ri+ry—1and L*(M) = —hR/w (R the unit regulator of L, w the number
of roots of unity in L and h the class number of O ). This is the analytic class
number formula.

b) If M = h'(A)(1) for an abelian variety A over a number field (or in fact
for any X as above), then L(M,s — 1) is the classical Hasse-Weil L-function of the
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dual abelian variety A (or the Picard variety Pic’(X) of X). Since A and A are
isogenous, L(M, s — 1) also coincides with the Hasse-Weil L-function of A.

The weight of M is the integer i — 2j.

2. Periods and Regulators

We have four Q-vector spaces attached to M.

e A finite dimensional space Mg = H'(X(C),Q)(j) which carries an action
of complex conjugation and a Hodge structure (see [27] for more details).

e A finite dimensional filtered space Myr = H'p(X/Q)(4).

e Motivic cohomology spaces H})(M ) and H } (M) which may be defined in
terms of algebraic K-theory. For example, if X has a regular, proper flat
model X over Spec(Z) and ¢ — 2j # —1 then

HY(M) =CH/(X) ® Q/hom. equiv. if M = h?(X)(})
Hi(M) =im ((sz,i,l(x) ® Q)Y — (Kaj—i—1(X) ®@)(j)) :
Using alterations this image space can also be defined without assuming

the existence of a regular model X [69].

The spaces HJ(Z(M ) and H}(M) are conjectured to be finite dimensional but
essentially the only examples where this is known are those mentioned above:

Ezamples continued. a) For M = h°(Spec(L)) we have HJQ(M) = Q and
H}(M) = 0 whereas for M = h%(Spec(L))(1) we have H}(M) = 0 and H}(M) =
Of ®z Q. For M = h°(Spec(L))(j) it is also known that H (M) = Ka; 1(L) @ Q
is finite dimensional [12].

b) For M = h*(X)(1) we have H}(M) = 0 and H (M) = Pic’(X) ®z Q. This
last space is finite dimensional by the Mordell-Weil theorem.

For a Q-vector space W and a Q-algebra R we put Wr = W ®qg R. The period
isomorphism Mp ¢ = Mg c induces a map

Qpr - ME,R — (MdR/FﬂO MdR)]R-

For any motive M one has a dual motive M* with dual realizations. For example,
if M = h¥(X)(j) where X is of dimension d then Poincare duality gives a perfect
pairing

tr

H'(X)(j) x H*7/(X)(d — j) — H*(X)(d) = Q
which identifies M* with h24=(X)(d — j).

Conjecture Mot,: There exists an exact sequence

0— H{?(M)R AN ker(apr) — H}(M*(l))ﬁi "

H}(M R — coker(ays) — H?(M*(l))ﬁi — 0

Here c is a cycle class map, h a height pairing, and r the Beilinson regulator.
Again, the exactness of this sequence is only known in a few cases, essentially those
given by our standard examples a) and b).
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Conjecture 1 (Vanishing Order):
r(M) = dimg H(M*(1)) — dimg Hy (M*(1))

Remark. The appearance of the dual motive M*(1) in the last two conjectures
can be understood in two steps. First, one may conjecture that there are groups
Hi(M) ("motivic cohomology with compact support and R-coefficients”) which fit
into a long exact sequence

- — Hi{(M) — Hj(M) — Hp(R,M) — -
and where HQ(R, M) = ker(ays), Hh(R, M) = coker(ays) (a definition of such
groups, Arakelov Chow groups in his terminology, has been given by Goncharov in

. Secondly, one may conjecture a perfect duality of finite dimensional R-vector
40]). S dl ject fect duality of finite di ional R-vect
spaces

H(M) x Hi7'(M*(1)) — H7(Q(1)) =R,
an archimedean analogue of Poitou-Tate duality. Then Conjecture 1 says that r(M)
is the Euler characteristic of motivic cohomology with compact support.
Define a Q-vector space of dimension 1
E(M) :=Detg(H}(M)) @ Dety (H}(M))
® Detg(Hj(M*(1))*) ® Detg' (H} (M*(1))*)
® Detg' (Mf) ® Detg(Mq,/ Fil°)
The exact sequence in Conjecture Mot, induces an isomorphism
Yoo 1 REE(M)®gR
Conjecture 2 (Rationality):
Yoo (L*(M)™ ) eE(M) @1

This conjecture goes back to Deligne [27][Conj. 1.8] in the critical case (i.e.
where ajy is an isomorphism) and Beilinson [5] in the general case.

3. Galois cohomology

Throughout this section we refer to [16] for unexplained notation and further
details. Define for each prime p a complex RI'¢(Q,, M;)

_ M R M, L#p
- 1—Frp,m .
Deris (M) A-fem), Deyis(My) @ Dar(M;)/Fil° 1=p

One can construct a map of complexes RI'¢(Q,, M;) — RI'(Q,, M;) and one defines
RT /(Qp, M;) as the mapping cone so that there is a distinguished triangle

RU;(Qp, M;) — RU(Qy, M;) — RT ¢ (Qy, M)

in the derived category of Q; -vector spaces.
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Let S be a finite set of primes containing [, co and primes of bad reduction.
There are distinguished triangles

RFC(Z[%],MI) — Rl“(Z[l

S],Ml) — P Rr(Q,, M)

peS

RT/(Q, M;) — RT(Z[ 5], M) — €D RT (@, M)
peES

(3.1) RT(Z[ 5], M) — RT(@, M) — @ R (@, M)
pES

Conjecture Mot;: There are natural isomorphisms H(M)qg, = HY(Q, M;)
(cycle class map) and H}(M)Ql = H}c (Q, M;) (Chern class map).

One can construct an isomorphism H}((@Ml) = H}afi(Q,Ml*(l))* for all 4.
Hence Conjecture Mot; computes the cohomology of RI';(Q, M;) in all degrees.

The exact triangle (3.1) induces an isomorphism
- 1
Y E(M) ®g Q; = Detg, RFc(Z[g], M)

Let T} C M; be any Gg-stable Z;-lattice.

Conjecture 3 (Integrality):
1
Zy - 1o (L* (M) 1) = Detg, RTe(Z[ 5], T0)

This conjecture (for all I) determines L*(M) € R* up to sign. It assumes
Conjecture 2 and is independent of the choice of S and 7; [16][Lemma 5|. For
M = h%(Spec(L)) (resp. M = h*(X)(1)) it is equivalent to the [-primary part of
the analytic class number formula (resp. Birch and Swinnerton-Dyer conjecture).
For a sketch of the argument giving this equivalence we refer to section 5.4 below.

Part 2. The Equivariant Refinement

In many situations one has ’extra symmetries’, more precisely there is a semisim-
ple, finite dimensional Q-algebra A acting on M.

FEzxamples:
e X an abelian variety, A = End(X) ® Q
o X = X' Xgpee(q) Spec(K), K/Q Galois with group G, A = Q[G]
e X a modular curve, A the Hecke algebra
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4. Commutative Coefficients

If A is commutative (i.e. a product of number fields) one can construct
L(aM,s), 2(aM), a¥, a9 as before using determinants over A, AQR, A® Q.
L(aM, s) is a meromorphic function with values in A ® C and

r(aM) €H°(Spec(A @ R), Z)
L*(aM) e(A@R)™.

For a finitely generated A-module P we denote by dims P the function p —
rank 4, (P,) on Spec(A).

One gets refinements of Conjectures 1 and 2 in a straightforward way.
Conjecture 1 (Equivariant Version):

r(aM) = dimg Hj(M*(1)) — dimy HY(M*(1))

Conjecture 2 (Equivariant Version):

AVoo(L*(aM)™ ) € E(uM) ® 1

Somewhat more interesting is the generalization of Conjecture 3. There are
many Z-orders 2 C A unlike in the case A = Q. It turns out that in order to
formulate a conjecture over 2 one additional assumption is necessary.

Assume that there is a projective Gg-stable 2; := A ® Z; lattice 1} C M.

Then RT.(Z[5], T;) is a perfect complex of 2;-modules and Dete, RT'o(Z[4],T})
is an invertible 2f;-module. Since 2; is a product of local rings this means that
Deto, RTc(Z[%],T)) is in fact free of rank 1 over ;. The existence of a projective
lattice is guaranteed if 2l is a maximal Z-order in A. If M = My ® h°(Spec(L))
arises by base change of a motive M to a finite Galois extension L/Q with group
G then there is a projective lattice over the order 2 = Z[G] in A = Q[G].

Conjecture 3 (Equivariant Version):

1
;- 4 (Aﬁoo(L*(AM)il)) = DethL RFC(Z[E]aTl)
This conjecture (for all I) determines L*(4M) € (A ® R)* up to 2A*. Taking
”Norms form A to Q” one deduces the original Conjectures 1-3 from their equivari-
ant refinements [16][Remark 11].

5. Proven cases

If 2 is a maximal order in A, in particular if 2 = Z, then Conjecture 3 has
been considered traditionally in various cases, most notably in our Examples a) and
b) above. In this section we review proven cases of Conjecture 3 with particular
emphasis on non-maximal orders 2. One should note here that Conjecture 3 over
an order 2 implies Conjecture 3 over any larger order 2’ D 2l but not vice versa.
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5.1. Abelian extensions of Q and the main conjecture of Iwasawa
Theory. The following theorem summarizes what is known about our Example a)
when L/Q is abelian.

THEOREM 5.1. (Burns-Greither) Let L/Q be a Galois extension with abelian
group G, M = h%(Spec(L))(j) with j € Z, % = Z[G] and | any prime number.
Then Conjecture 8 holds.

COROLLARY 5.1. For any abelian field L and prime number [ the cohomological
Lichtenbaum conjecture (see [45][Thm. 1.4.1]) holds for the Dedekind Zeta-function
at any j € Z.

ProOF. The cohomological Lichtenbaum conjecture is a rather immediate re-
formulation of Conjecture 3 for M = h%(Spec(L))(j) and % = Z (see the proof of
[45][Thm. 1.4.1]). Hence it follows by general functoriality [16][Remark 11] from
Theorem 5.1. O

We shall give the proof of Theorem 5.1 for j < 0 in some detail in order to
demonstrate how the formalism above unfolds in a concrete situation. One may
also expect that the way in which we use the Iwasawa main conjecture and results
on l-adic L-functions will be fairly typical for proofs of Conjecture 3 in a number
of other situations. In essence we follow the proof [18] by Burns and Greither
but our arguments cover the case | = 2 whereas those of [18] do not. We shall
deduce Conjecture 3 for j < 0 from an Iwasawa theoretic statement (Theorem 5.2
below). This descent argument is fairly direct except for difficulties arising from
trivial zeros of the l-adic L-function for j = 0. These can be overcome by using
the Theorem of Ferrero-Greenberg [33] for odd x and results of Solomon [71] for
even x. The main difficulty for j < 0 (identification of the image of Beilinson’s
elements in Ki_5;(L) under the étale Chern class map) has already been dealt
with by Huber and Wildeshaus in [46]. Such a proof of Conjecture 3 by descent
from Theorem 5.2 is also possible for j > 1 provided one knows the non-vanishing
of the l-adic L-function at j. Since this is currently the case only for j = 1 (as a
consequence of Leopoldts conjecture for abelian fields [75][Cor. 5.30]) we do not
give the details of this line of argument. Suffice it to say that Theorem 5.1 for j > 1
is then proven somewhat indirectly by appealing to compatibility of Conjecture 3
with the functional equation of the L-function (see the recent preprint [6]). We do
not address the issue of compatibility with the functional equation in this survey.
We also do not go into the proof of the Iwasawa main conjecture because it is by
now fairly well documented in the literature, even for [ = 2 (see [41] for a proof via
Euler systems).

Finally we remark that another proof of Theorem 5.1 (but only for 2 a maximal
order and [ # 2) has been given by Huber and Kings in [45]. This proof also appeals
to compatibility with the functional equation. Theorem 5.1 for j < 0 and A = Z
was proven before by Kolster, Nguyen Quang-Do and Fleckinger [54] (with final
corrections in [7]).

We need some notation. For an integer m > 1 let ¢, = €2™/™, Ly, = Q(Cn),
Om ¢ Ly — C the inclusion (which we also view as an archimedean place of L,,)
and G,,, = Gal(L,,/Q). By the Kronecker-Weber Theorem and general functoriality
[16][Prop. 4.1b)] it suffices to prove Conjecture 3 for L, in order to deduce it for
all abelian L/Q. By the same argument we may, and occasionally will assume that
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m has at least two distinct prime factors. Let G be the set of complex characters
of Gy, for n € G, let e, € C[Gy,] be the idempotent |Gy, |™" 30 e n(g)g~" and
denote by L(n, s) the Dirichlet L-function of 1.

Explicit formulas for Dirichlet L-functions. In this section we fix 1 < m # 2
mod 4 and write M = h°(Spec(L,,)), A = Q[G,,] and &% = Z[G,,]. One has

L(aM,s) = (L(n,9)),cq, € ]] C=4®C
n€GMm
and for M = h°(Spec(L,,)) the sequence in Conjecture Mot is the R-dual (with
contragredient G,,-action) of the unit regulator sequence

0-0; @R —2L 1 (R 2R .
v|oco
So one has
E(aM)* =Det;' (0} ©zQ) ® Deta(X(yjo0} @z Q)

where for any set S of places of L,, we define Y5 = Ys(L,) := @P,cgZ and
Xs = Xs(Ly,) to be the kernel of the sum map Yg — Z. Moreover, the superscript
# indicates that the G,,-action has been twisted by the automorphism g — ¢! of
G-

It is well known that

Lo =3 (5 -3)

a=1
d 1 & 2mia/ f,
SeL08) om0 == 3 D log |1 = ¢ ln(a) £ Leven
a=1

where f,|m is the conductor of  and n(a) = 0 for (a, f,) > 1, and that L(n,0) # 0
if and only if n = 1 or n is odd [75][Ch. 4]. One deduces Conjecture 1 for M =
h%(Spec(L,,)) since

. 1 n#1even

d Of C) =

me ey L 92 ) {0 otherwise.
Before dealing with Conjecture 2 we introduce some further notation. We denote by
G2 the set of Q-rational characters , i.e. Aut(C)-orbits on G,,. For each y € G2
we put ey, = Znéx e, € A and we denote by Q(x) the field generated by the values
of n for any n € x. Then there is a ring isomorphism

A= ] ew).
x€Gh
We put
L(x,0) := Z:L(U,O)e,7 € Ae, = Q(x)
neX
and note that L(x,0)# := > nex L(n=*,0)e,.
For f, # 1 the image of (1 —(y,) € Ly, under the regulator map is

(1 _ Cfn) — — Z log |1 — e27ria/fn|27_a—1(o_m)
a€(Z/mz)* [£1
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where 7, is the automorphism ¢, — (% of L,,, and hence for any even character
n # 1 the image of e, (1 —(y,) is L'(n™1,0) -2 [Ly, : Ly, ] - €y(0m). Note here that
enTa = n(a)ey, and that o, (resp. 1 — (s, if f, is a prime power) lies in the larger
2-module Y{yjoo} D Xfvjoo} (resp. (’)Lfn[fL”]X D) (’)an) but application of e, (or
equivalently — ®g Q(n)) turns this inclusion into an equality for n # 1.

There is a canonical isomorphism

2(aM)* = Det' (05 ® Q) ® Det 4 (X{yjoo} ® Q)

= [1 Detgly (07 ®Q(x)) ® Dty (X{vjoc} ® QX)) x IT 2w

x#1 other x
even

= 110, 2Q00) ™" @an (Kppey 2Q00) x - [] Q00

x#1 other x
even

and in this description 49U (L*(4M,0)™1) = (L*(4M,0)™1)# 48 (1) has compo-
nents

2 (L Ly J[1 = ¢l ' ®om  x #1 even
5

(5.1) Ao0(L*(aM,0)71)y = {(L(X 0)#) otherwise.

We now fix a prime number [ and put A; := A ® Q;. The isomorphism

1
S(AM)* ® Q; 2% Det 4, RTo(Z[—], M)#

is given by the composite

Det ) (OF ©z Q1) ® Deta, (X{yjo0) ®z Qi)

o~ 1

(5.2) =5 Det (O, [E] X @7 Q1) @ Deta, (X fomice} @2 Q1)
o~ 1

(5.3) = Det (0L, [E] * ®72 Q1) ® Deta, (X (vjmico} @z Q1)
~ 1

(5.4) = Dety, RT(Z[—], M),

Here (5.2) is induced by the short exact sequences

1 va
0— Ozm Xz Q - OLm[%]X Sz Q ,1_> Y{v\ml} Kz @ — 0

0 — Yimiy ®2 Q = X{yjmice} @2 Q — Xyjoo} ®2Q — 0
and the identity map on Y{,|,;3 ®2Q. The isomorphism (5.3) is multiplication with

the (Euler-) factor (see [15][Lemma 2]) [, EF € A% where £, € A* is defined
by

(5.5) Ep= Y IDp/Lles+ > (=) e,
n(Dp)=1 n(Dp)#1

with D, (resp. I,) denoting the decomposition subgroup (resp. inertia subgroup)
of G, at p.
Finally (5.4) arises as follows. Put

A(Ly,) = RHomg, (RFC(Z[%],Tl),Zl)[—S}.
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Then A(L,,) is a perfect complex of 2;-modules and there is a natural isomorphism

1
Detg, A(Ly,) = Detg, RFC(Z[E],Tl)#.
On the other hand, the cohomology of A(L,,) can be computed by Tate-Poitou
duality, the Kummer sequence and some additional arguments [15][Prop. 3.3]. One

finds H*(A(L,,)) = 0 for i # 1,2, a canonical isomorphism
1 1
HY(A(Ly)) 2 HY (Op,, [, Z/(1)) 2 O, [—]* @2 Z
(A(Lm)) (Or,,[—], Z:(1)) = O, [—]" @2 Zi
and a short exact sequence
1
0— PiC(OLm[m]) ®z Zy — H*(A(Lm)) = X{ojmico} ®2z Z1 — 0.
After tensoring with Q; this computation gives the isomorphism (5.4). Conjecture
3 then becomes the statement that the element [, Sf - a¥00 (L* (4 M,0)71) de-

scribed in (5.1) and (5.5) is not only a basis of Deta, A(L;,) ® Q; but in fact an
2;-basis of Dety, A(Ly,).

Twasawa Theory. We fix [ and m as in the last section and retain the notation
introduced there. Put

—

A = lim Zy[Gron] &2 Zy[Gimo | [T]]

where

4 [=2.
The Iwasawa algebra A is a finite product of complete local 2-dimensional Cohen-
Macaulay (even complete intersection) rings. However, A is regular if and only
if I ¥ #Gpm,- As usual, the element T'= v — 1 € A depends on the choice of a
topological generator vy of Gal(Lyjeo /Lem,) = Z.
Defining a perfect complex of A-modules
A% = lim A(Lyyq1n)

n

m:molordl(m); ) — {l l7é2

we have H'(A>) =0 for i # 1,2, a canonical isomorphism
o0 ~ o0 s 1
HY(A%) = U{v\ml} = mOLmom [ﬁ]x ®z Zy

and a short exact sequence
0 = PPy — H?(A®) — X

|mloc} 7 0

where

N

o N 1 oo .
P{v|ml} = lLHPIC(OL —D ®Z Zl, X{v|mloo} = llnX{v\m,oloo}(ngl") ®Z Zl.
All limits are taken with respect to Norm maps (on Yg this is the map sending a
place to its restriction). For d | mg put
1= Cearr )n>0 € Uiy

na :=(
0 :=(Temoln )n>0 € Y miso}
Oa :=(

1 _
gedln)nzo € ﬁ (v — chclo(V)) 'A

mo:Ld
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where

(5.6) = (% - %) Tk € QG

0<a<k,(a,k)=1

with 7, € Gy defined by 7, (k) = ¢(¥. Here we also view 7, as an element of
Q[Gy] for k | k' (which allows us to view 64 as an element of the fraction field of
A for d | mo) by 7ok — [Gr : Gg] 7t Y w'=a mod  Ta’,k’- The relationship between
0y and [l-adic L-functions in the usual normalization is given by the interpolation
formula

(5.7) Xyeo(0a) = (L= xT" W)L ) = Lilx '™, j)

for all characters x of conductor di™ and j < 0 (here w denotes the Teichmueller
character).

We fix an embedding Q; — C and identify G}, with the set of Q;-valued char-
acters. The total ring of fractions

(5.8) o= [ Q)

~Q;
wechno

of A is a product of fields indexed by the Q;-rational characters of Gy,,,. Since for
any place w of Q the Z[G i ]-module Yy} (Lmgin) is induced from the trivial
module Z on the decomposition group Dy, C Gppyin, and for w = oo (resp. nonar-
chimedean w) we have [Gpmoin @ D] = [Limgin : Q]/2 (resp. the index [Gpgin @ D)
is bounded as n — 00) one computes easily

1 1 even

(5.9)  dimgy) (Ugjmry @4 Q) = dimgy) (Y jmiooy @4 Q) = {0 ¢ odd.

Note that the inclusion Xf[>2|mloo} C Y{Oﬁmloo} becomes an isomorphism after ten-

soring with Q(v) and that ey (n,,} ® o) is a Q(v)-basis of
Detg(y (Ufsimy @4 Q) ® Detoey) (X ojmisey @4 Q¥)
= Detgy) (A% @2 Q(¥))

for even ¢. For odd v the complex A ®, Q(v) is acyclic and we can view
eypOm, € Q1) as an element of

Detgy) (A™ @A Q(¥)) = Q(¢).

Note also that eyby,, = 0 (resp. ey (n,,: ® o) = 0) if ¢ is even (resp. odd). Hence
we obtain an element

L= 9;11 +2- n;i ® 0 € Detga) (A™ @5 Q(A)).

0

THEOREM 5.2. There is an equality of invertible A-submodules
A - L = Dety A*®
of Detg(a) (A® @a Q(A)).
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This statement is an Iwasawa theoretic analogue of Conjecture 3 and, as we
shall see below, it implies Conjecture 3 for M = h®(Spec Ly)(j), & = Z[G4) and
any d | mol®™ and j < 0. Our proof will also show that Theorem 5.2 is essentially
equivalent to the main conjecture of Iwasawa theory, combined with the vanishing
of p-invariants of various Iwasawa modules. The idea to seek a conjecture that
unifies the Tamagawa number conjecture on the one hand and the Iwasawa main
conjecture on the other goes back to Kato [48], [49][3.3.8].

PrROOF OF THEOREM 5.2. The following Lemma allows a prime-by-prime anal-
ysis of the identity in Theorem 5.2.

LEMMA 5.3. Let R be a Noetherian Cohen-Macaulay ring with total ring of

fractions Q(R). Suppose R is a finite product of local rings. If I and J are invertible
R-submodules of some invertible Q(R)-module M then I = J if and only if I; = J,
(inside Mg) for all height 1 prime ideals q of R.

PrROOF. Since R is a product of local rings both I and J are free of rank 1 with
bases by, by € M, say. Since Q(R) is Artinian, hence a product of local rings, M is
free with basis by, say. Writing by = %bM we find that z cannot be a zero-divisor
in R since I is R-free. Hence ¢ is a unit in Q(R) and we may write

! /
bJ = Ele = le = gb]
Y y'x b

Since R is Cohen-Macaulay and b is not a zero-divisor all prime divisors pq, ..., p,, of

the principal ideal bR have height 1 [59][Thm. 17.6]. By assumption bR,, = aR,,

for i = 1,..,n. Hence a € (/ﬁi_l(bRpi) where ¢; : R — Ry, is the natural map, and
the primary decomposition of the ideal bR [59][Th.6.8] gives
a€ ¢y (bRy,)N---N ¢, (bRy,) = bR.

So ¢ € Rand I = Rb; 2 Rb; = J. By symmetry I = J. |

At this stage a fundamental distinction presents itself. We call a height 1 prime

q of A regular (resp. singular) if | ¢ q (resp. | € q). For a regular prime g the ring
A4 is a discrete valuation ring with fraction field Q(v) for some 9 = 94 € G

Img

The residue field Q;(q) of A4 is a finite extension of the field of values Q;(v) of 1.
For singular primes, on the other hand, the ring A, is regular if and only if A is.

Analysis of reqular primes. The computation of the cohomology of A* given
above shows that the identity
Aq L= Det/\q (Aoo XA Aq)
is equivalent to
(510) FitAq (Uﬁ\ml},q/l\q ’ nmo) = FitAq (Pf;ml},q) : FitAq (Xf{)io)\mloo},q/Aq ’ 0')
if 14 is even and to
(511) 0m0 : FitAq (U{?’L?‘ml},q) - FitAq (P{O’L?|ml},q) . FitAq (ng

if ¢q is odd. Here Fita (M) denotes the first Fitting (or order) ideal of any finitely
generated torsion Ag-module M. Put

Uoo = }iLnOZmUW ®Z Zl7 POo = lim PiC(OLmOZ”) ®Z Zl.

\mloo},q)

i
n
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The exact sequences of A-modules
(512) 0 — UOO — U{Of))lﬂll} i Y{Ovo‘l} — POO i P{%?l”ll} i 0

and

0= X{imoy — X{o = Y © Yy = 0

|lmoo}

together with the fact that o is a basis of Y°v°|00}7CI for 1 even (resp. U =

Zi(1)4 and Y(iooy,q = 0 for iq odd), imply that the identities (5.10) and (5.11) are
equivalent, respectively, to

(5.13) Fita, (Ug°/Aq - m,) = Fita, (P7°) - Fita, (X*({)Slmo},q)

and

(5.14) Ome - Fita, (Zi(1)q) = Fita, (P;°) - Fita, (Xff}"mﬂ}ﬂ).

The following two Lemmas then finish the verification of these identities.

LEMMA 5.4. (Main conjecture) For any regular height 1 prime q of A let d | mg
be such that 1q has conductor d or df. Put € =0 or 1 according to whether 1q # 1
or g =1. Then

Fita, (U /Aq - T - ma) = Fita, (P;°)
if 1q 1s even, and
Oa - Fita, (Zi(1)q) = Fita, (P;°)
if 14 1s odd.

LEMMA 5.5. For d and € as in Lemma 5.4 we have

Fitp,(Aq - T na/Aq 1) =T~ [[ (1 =Fr,") = Fita, (X{0).0)
p|lmo, ptd

if g is even and

Aq . Hmo/ad = H (1 - Fr;l) = FitAq (X{Og‘mo}vq)

plmo, ptd

if ¥q is odd. Here we view the Frobenius automorphism Fr, € G /I, as an
element of Gy~ C A using the fact that I, = G porap(m) is canonically a direct
factor of Gpgiee-

PROOF OF LEMMA 5.4. Denote by C¢° the A-submodule of U> generated
by Tn; and 7, for 1 # n | mg. Let 1 be an even character of Gy,,. The main
conjecture [41][Th. 3.1+ Rem. b) and c)] says that the characteristic ideal of the
Zy[Y)[[T)]-module (P>), equals that of (U>/C<¥°),, where for any A-module M
we put My = M ®z,(q,,,,] Zi[¥] = M @4 Zy[¢][[T]]. For any height 1 prime ideal
q with ¢4 = ¢ the map A — A4 factors through A — Z;[¢][[T]] and we deduce
Fita, (Ué’o/CflyCIO) = Fity, (Py®). It remains to show that C¥ is generated by 74
over Aq (or Ty if ¥ = 1). This follows from the distribution (or Euler system)
relations satisfied by the n,,. For d | mgy put

Ny = Z 7| €A

r€Gal(Lmy/La)
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Then for d | n | mg

(5.15)  Ng-np = [Lim, : Ln]Normy, /1,0 = [Limg L] H (1- Fr;l) Nd-
p|n, ptd

Since ¥(Ng) = [Lm, : Lq] # 0 the element Ny is a unit in A, and we have therefore

expressed 7, as a Ag-multiple of 4. For d { n on the other hand, ¢ is a nontrivial

character of Gal(Ly,,/Ly) and we have

(nn)q = [Lmu :Ln]il(Nnnn)q = [Lmo :Lnrlw(Nn)nn,q =0.

Let now ¢ be an odd character of Gy, and w the Teichmueller character.
The main conjecture [41][Th. 3.2] then asserts that the characteristic ideal of the
Zi[Y][[T]]-module (P>), equals ey 304 if ¥ # w. For 1 = w the statement of
[41][Th. 3.2] is that both

%91 : FitZl[[T]](Zl(l)) = %91 : (’Y - chclo(')/)) 'Zl[[T]]

and the characteristic ideal of (P*°),, are equal to Z;[[T]].

We note that the main conjecture for an even character v is equivalent to the
main conjecture for the odd character wi~! by an argument involving duality and
Kummer theory (see the proof of Th. 3.2 in [41]). O

PrROOF OF LEMMA 5.5. For any prime p | mg the decomposition group D, C
G oo has finite index and the inertia subgroup I, C D, is finite. Moreover one
has a direct product decomposition D, = I, x < Fr, >. We have an isomorphism
of A-modules .

Yoy & IndDZlol 7
and an isomorphism of Z;[[D,]]-modules
Zi=27[Dy)]/ <g—1lg € ;1 —Fr)' >

So if ¢glr, # 1, i.e. p|d, then Yy = 0 and if Yglr, = 1 the characteristic ideal
of Y5 is generated by 1 — Fr !, The exact sequence of A-modules

{vlp}.q
0— Xf{)j — Y{°° —Z; — 0

vlmo}
accounts for the term 7. This verifies the second equalities in the two displayed
equations of Lemma 5.5.
The respective first equalities follow for even v from the Euler system relations
(5.15) with n = mg together with the fact that Ny is a unit in A4. For odd 14 we
also have an Euler system relation

|mo}

(5.16) Na-Omy = Lo : La- | J] (1=Fr;") | 64
plmo, ptd

which expresses 0,,, as a Ag-multiple of 4 since Ny is a unit in A4 (note here
our convention that we view the element 64 € Z;[[Gg~]] as the element [L,,, :
Lg) ' Ny - 04 € A where™ denotes any lift). O

Analysis of singular primes. The singular primes of A are in bijection with the
Q;-rational characters of Gy, of order prime to [. For a singular height 1 prime q
we denote by 1 the corresponding character with (Q;-rational idempotent e, € A.

The following Lemma relates p-invariants to localization at singular primes.
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LEMMA 5.6. Let M be a finitely generated torsion A-module, q a singular prime
with character ¢ = g and x a Q-valued character of G, with prime to l-part
1. The following are equivalent

(i) The p-invariant of the Z;[[T]]-module ey, M vanishes.
(ii) The p-invariant of the Zy[x][[T]]-module

My = M ®gq,,,, Zi[x] = epM ®z(G,,,) Zi[X]

vanishes.

(iii) M, = 0.

PRrROOF. It is well known that the p-invariant in (7) (resp.(éi)) vanishes if and
only if (e M)y = 0 (resp. M, () = 0) where 7 is a uniformizer of Z;[x]. Since g
is the radical of (I) in Aq the map (eyM)q) — (eyM)q = Mg is an isomorphism
which gives the equivalence of (i) and (i44). The map M/qM — M, /mM, is an
isomorphism which gives the equivalence of (i) and (¢i7) by Nakayama’s Lemma.

O

Unlike the case of regular primes, we not only need the equality of the u-
invariant of an Iwasawa module and a p-adic L-function but the vanishing of both.

We now analyze the localization of A® at a singular prime q. By the theorem
of Ferrero and Washington [75][Thm. 7.15] the p-invariant of P°° vanishes. The
module Xf;"ml} is finite free over Z; and hence has vanishing p-invariant. The
surjection P* — P{Of)’lml} and the exact sequence

o0

0 = X%ty = X{omicoy = Y(vlooy = 0

then show that

HQ(AOO)q = Yﬁﬂoo},q = (Ag/(c=1)) -0
where ¢ € Gy, is the complex conjugation. Concerning H'(A>), one shows that
Nme 1S @ generator using the fact that all graded pieces of the filtration

Aty € €0 € U € UR

have vanishing p-invariant. The quotient Ufglml} /U injects into the finite free
Z;-module Y{‘fll} and hence has vanishing p-invariant. The quotient U /C<yele
has vanishing p-invariant by the main result of C. Greither’s appendix to this
article. Finally, the quotient CY'°/Ay - 7, is zero by (5.15) and the fact that
1—Fr, Le AqX for p | mg. This follows because Fr, has infinite order in G, 00 We
have Fr;N = (14T)" for some integer N and 0 # v € Z;. So the image 1 —(1+T)
of 1 — Fr;N in A/q = F;()q)[[T]] is nonzero, and hence so is the image of 1 — Frzjl.
Having established that 7,,, is a generator of H'(A®), one notes that
H'(A%)g 2 (Ag/(c— 1)) 1hmg
since the image of 7,,, in the scalar extension to Q(%) vanishes precisely for odd
1. So for | # 2 we conclude that H*(A™), (vesp. H*(A™),) is free with basis 7,
(resp. o) if 14 is even, whereas H*(A>), = 0 for i = 1,2 if ¢4 is odd. This proves
the g-part of Theorem 5.2 for ¢4 even, and for ¢4 odd it remains to remark that
Om, is a unit in Ay (otherwise there would be a Q-character x of Giy,,¢ so that all
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coefficients of x(0.m,) € Z;[x][[T]] have positive l-adic valuation which contradicts
[75][p.131]) . '

For [ = 2 we conclude that the cohomology modules H*(A*°), are not of finite
projective dimension over A4 and hence that we cannot pass to cohomology when
computing Dety, (Ag") However, the complex AZ® represents a class in

Exty (H*(A%)q, H'(A%)q) = Ext} (Aq/(c—1),Aq/(c ~ 1))

and we have Extf\q (Ag/(c—1),Aq/(c—1)) = Ayq/(2,c—1) for even i > 2 as can be
seen from the projective resolution

1—c

R Ag 5 Ay 25 Ay — Ag/(c— 1) — 0.

The complex AZ® can be constructed as the pushout

1—c

0— (14+¢)-Aq = Ay — Ay — Ag/(c—1) =0

(5.17) ,Ll l I I
0 = Ag/(c=1) = AP = AF? = Ag/(c=1) — 0

via some homomorphism g, determined by (1 4 ¢). This diagram induces a com-
mutative diagram

Exty ((c+1) - Aq, Ag/(c = 1)) —— Extj"*(Aq/(c —1),Aq/(c ~ 1))

o | [

Exty (Aq/(c—1),Aq/(c = 1)) —— Bxti *(Ag/(c—1),Aq/(c~ 1))

where the horizontal maps are isomorphisms for large ¢ since Ago’l and Aq°°’2 have
finite projective dimension (as Ag° is perfect). It follows that y. is an isomorphism.
Since both the source and target of p, are isomorphic to Aq/(2,c — 1) for i even,
i« is given by multiplication with a unit in A4 (this ring being local) and hence
p(1+c) € Ag/(c—1)*. This means y is an isomorphism and we conclude that Ag°
is quasi-isomorphic to the top row in (5.17). We may pick bases ; of Ago’i so that
Yo +— o and (¢ + 1)y1 = Ny, It remains to verify that 4, ' ® 42 = u - £ for some
u € Ay, and this we may check in Q(¢)) for all ¢ € G%‘no which induce 4. For ¢
even we have in Q(v)

_ 1 _
’711®'Y2:(§'77mo) '®o=L

and for ¢ odd we note that 7;* ® 2 -7, is the canonical basis of A® @, Q(1))
arising from the fact that this complex is acyclic. We then have

_ 1 _
’yll®’72:§"711® 2‘72:U'0mé =u-L
where u := 9’% is a unit in A4 by the remark in [75][p.131] already used in the case

142, O

The descent argument for j = 0. We now indicate how Theorem 5.2 implies
the l-part of Conjecture 3 for M = h°(Spec(L,,)) and A = Z[G,,]. We have a ring
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homomorphism
(5.18) A= ZGrnl =20 C A= [ @),
xeG!
a canonical isomorphism of perfect complexes
A= @% A = A(Ly,)
and a canonical isomorphism of determinants
(Deta A™) @p U = Detg, A(Ly,).

Given Theorem 5.2, the element £ ® 1 is an 2;-basis of Detg, A(L,,) under this
isomorphism. It remains then to verify that the image of L& 1 in Det 4, (A(Ly,) ®z,
Q) agrees with that of a0 (L*(4M,0)~1). Luckily, this is again a computation
taking place over the algebra A; which avoids any delicate analysis over the possibly

non-regular ring 2;, and which can be performed character by character. Denote
by

(5.19) ¢ : Detg, () (A(Lm) @, Qu(x))
N {Det@l(x)(OZ ®@a Qi(x)) @ Detgy, () (Xfujoo} @2 Qi(x)) X # 1 even

m

Qi) otherwise

the isomorphism induced by (5.2). Then in view of (5.1) and (5.3), for each y € G¥
we must show

(5.20) H (EFYP(L®1) = {Q[Lm : LfX]E - Cfx]_l ®om X # 1 even

plml : (L(X7 0)#) otherwise.

In the remainder of this section we verify the identity (5.20). We also denote
by x the composite ring homomorphism A — Q;(x) in (5.18), and by g, its kernel.
Then q, is a regular prime of A and A, is a discrete valuation ring with residue
field Q;(x) and fraction field some direct factor of Q(A) (indexed in (5.8) by the
character ¢ of Gym, obtained by the unique decomposition xy = 1 x n where 7 is
a character of Gal(Lyio /Lem,)). We may view L as a Ay -basis of (Dety A™),, .
The following Lemma is the key ingredient in the descent computation.

LEMMA 5.7. Let R be a discrete valuation ring with fraction field F, residue
field k and uniformiser w. Suppose A is a perfect complex of R-modules so that
the R-torsion subgroup of each H'(A) is annihilated by w. Define free R-modules
M? by the short exact sequence

(5.21) 0— H'(A)y — H'(A) - M" — 0.
Together with the exact sequences of k-vector spaces

(5.22) 0— H'(A)/w — H(A&%E k) — HT (A)y — 0
induced by the exact triangle in the derived category of R-modules

AiA—)A@H]‘%]{HA[l]
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we find an isomorphism
Dety, H' (A ®% k) = Dety (H (A)/w) @ Dety,(HTH(A) )
>~ Dety (H (A)w) @ Dety (M /w) @y, Dety, (H T (A) )
and hence an isomorphism
¢ Dety, (A @% k) = X) Dety (M /)",

i€Z

For each i fix an R-basis 3; of Detp(M?). Let e € Z be such that by, = w® ®iez(ﬁi)(_1)i

is an R-basis of

Detr A C Detp(A ©x F) = X) (Detp(M: 0 F))

=

Then the image of by ® 1 under the isomorphism

(Detr A) ®p k = Dety(A @ k) 2% (R) Dety (M /) V'
i€z
is given by ®iez(@)(*1)i,

Remark. A change of uniformizer w will change b, as well as the isomorphism
¢ (unless e = 0, e.g. if each H*(A) is R-free). If M* = 0 for all i then detp(M?) =
R canonically and we may take §; = 1. In this case the Lemma recovers the
statement of [18] [Lemma 8.1] where the condition that H?(A) is annihilated by @

is called ”semisimplicity at zero” (the motivating example being a Z;[[T]]-module
whose localisation at the prime (7") is semisimple).

PRrROOF. Suppose A® is a bounded complex of finitely generated free R-modules
quasi-isomorphic to A. Let )\Ek), MZ(-Z) € A’ (where k and [ run through two index
sets depending on i) be elements whose images under §° form an R-basis of im(4?)
and so that 6°(u{"”) is an R-basis of im(5%) N wker(5i+1) = im(6%) N wA+!. Let

3" € AP map to an R-basis of M. Then

5 ()

w

is an R-basis of ker(d%) (the cardinality of the set {ngl} is just dimg H*(A)) and

), e

. O (1)
(5.23) 5 ) 2 8 O A
i _basi i R @ . (k) p _ (n)
is an R-basis of A'. Set pu; = Ajp;’s Ai = N N5 Bi = A, B; and define

Yi € Detp(Ai QR .F)(il)7 by
;= DT (N A) ) s YD A ()Y Aﬂf—l)i A uﬁ_”i A Ag_l)i.
Then ; is an R-basis of (Detg Ai)(_l)i and
b= = QBT o= (—1) dimy (H(A))

€L €L €L
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under the isomorphism Detr(A® @ F) 2 @,y Detr H/(A® @ F)D'. Now
——— 50 T~ — . _ _
S, 2timn) pm) D AR 5o kbasis of A i= Al @g k = A/,

w

5(/‘}’1 1)

S, B8, 0

0)
is a k-basis of ker(6 ) and the images of —=1- (”1 6 n), W 1D are a k-basis of Hi(A®/w).

The isomorphism
(Detr A*) ®r k = Dety(A® @ g k) = (X) Dety HI(A® @p k)Y’
€L
sends b®1=b=Q,.;, ¥ to
— (_1)1'
§(u” e 1
Q[ A=) g gy
: w
€L l

The third map in (5.22) arises as the connecting homomorphism in the short exact
sequence of complexes

0 —— A —Z 5 A — Al —— 0

el sl

0 — Al w AL Ai+1/w - 50

and therefore sends 11" to %;w) € H*(A), and to @ in H**1(A)/w. The
construction of ¢ via the sequences (5.22) and (5.21) then shows that ¢ (b) =
Xicz ﬁ( b’ . We remark that the ordering of the terms in ~y; is adapted to the
particular short exact sequences inducing the isomorphism between the determinant
of a complex and that of its cohomology, as well as to the sequences (5.22) and (5.21)
involved in ¢ . A different ordering would induce signs in various steps of the above
computation which of course would cancel out eventually. O

For any Q;-rational character x of G,, we apply this Lemma to

[e's) l
R=A A:Aqx, w=1—7

n

x>

where 7!" is a topological generator of Gal(Lyio/Ly,,) with my = m if I | m
and m; = ¢m if [ { m. Then the cohomology of A ®@% k = A(L,,) ®«, Qi(x)
is concentrated in degrees 1 and 2 and ¢ is induced by the exact sequence of
k = Q;(x)-vector spaces

(5.24) 0— Mo — H' (A% k) 2= H2(A 2% k) — M2/w — 0
where (5 (a so called Bockstein map) is the composite
H' (A@% k) — H*(A)w — H*(A) /o — H* (AR k).

Note that @ depends only on L, and not on y; indeed one can construct a Bockstein
map before localizing at g, described in the following Lemma.
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LEMMA 5.8. Define for p | mg the element ¢, € Z; by yerl” = Fr;fp where f, €
Z is the inertial degree at p of L,,/Q (this is an identity in A modulo multiplication
with Gal(Ly, /Lm)). Put ¢; =1og;(Xeyato(Y )™ € Q1. Then By is induced by the
map
1
HY(A(Ly)) @ Q = OLWL[%]X ® Qr — X{pjmico} ® Q = H*(A(Lm)) @ Q
given by

U — Z cp Zordv(u) “v+ ZTer,v/QL (log; (uy)) - v.

plmo v|p vl

Remark. One can verify directly that this last map has image in X, 100} @ Qi
and not only in Yi,misey @ @ (although this is of course also a consequence of
Lemma 5.8). Denoting by Nu € Z[;%;]* the norm of u we have > oppordu(u) =
fy tord,(Nu) and >op e, .0 (log(uy)) = log(Nu). The required identity
2 plmo cpfy tordy(x) + ¢ logy(z) = 0 holds for = —1, for 2 = I (since log;(l) = 0)
and for & = p (applying log; Xcyclo to the defining identity of ¢, we find cpcf1 =

cp log, chdo(fyln) = —fplog;(p)), hence for all x € Z[%}X.

PROOF. The computation of the cohomology of A(L,,) given above arises from
an exact triangle

1
ERI(Z[—], T (1) = AlLm) = Yiojoo) €2 %12

(where the truncation 752 is only necessary for | = 2). Passing to the inverse limit

we find that there is an exact triangle of A-modules

1 * o0 [o ] o0
TSZRF(Z[ELTJ (1)) = A> — Y{v\oo}[—Q]
which induces, after localisation at q,, a commutative diagram of Bockstein maps
HY(Or,, [ Z:(1)) @ Qu(x) — H'(A(Ln)) @ Qu(x) — 0

7] | |
H?*(Or,,[75],2:(1)) @ Qi(x) — H?*(A(Lm)) ® Qi(x) = Yiujeo} @ Qi(x)-
This shows that the image of B, has no components at the infinite places. In
order to compute ' we apply the following Lemma to G = w{*(Spec(Oy,,, [])),

I' = Gal(Ly~/Lm,), 70 =" and M = Z(1).

LEMMA 5.9. Let T’ be a free Z;-module of rank 1 with generator vy and G — T’
a surjection of profinite groups. Denote by 0 € H*(G,Z;) = Hom(G,Z;) the unique
homomorphism factoring through T' with 0(y) = 1 and put A = Z;[[T']]. For any
continuous Z[[G]]-module M we have an ezact triangle in the derived category of
A-modules

RT(G, M ® A) —2% RI(G,M ® A) — RI'(G, M ® A) ®% Z, = RI(G, M).
Then the Bockstein map

gt HY(G, M) — HTY(G, M)

arising from this triangle coincides with the cup product 6 U —.
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PROOF. See [63][Lemma 1.2] . O

This Lemma describes (3, as being induced by cup product with 6 over the
field L,,,. Now in case that my # m, i.e. 1t m, 8 € Hom(Gal(L /L, ),Z;)
is the restriction of a (unique) 6 € Hom(Gal(Lyjo /L), Z;), and the projection
formula for the cup product shows that 8, is induced by cup product
1 1 0
Y (O, [, Q1) = Op,, [5]% @ Q1 2% Xty © @ = H (O[], Qu(1))
over L,,. For any place v of L,, we have a commutative diagram

HY(Op, [L].Qu(1) %= B0, [5].Qu(1)

l l

HY (Lo, Q1)) =29 p2r, Q1) 2@

and for u € Op, [-2]* ® Q; the element res, (6) Ures, (u) can be computed by local
class field theory. For v {1 one finds (see [49][Ch.II, 1.4.2]) that

res, (0) Ures, (u) = —0(Fr,) ord, (u) = Q(Fr;fp) ord, (u) = ¢p ord, (u)
and for v | [ one has by [49][Ch. II, 1.4.5]

res, (0) Ures, (u) = ¢;log;(Xeyclo) U Uy = aTry,. .o (log; (uy)).
O

We verify the assumptions of Lemma 5.7 and describe the bases §; and fs.
The torsion submodule of US|, ;1 is Z;(1) and hence HY(A) = UlSimit.ay = M!is
free of rank one over A, if x is even, and H*(A) = M* =0 for x odd. It remains
to find a basis if x is even. The vanishing of Py° combined with Lemma 5.4 gives
that Ug® = Aq - (1 — ) - ny,, where fy 0 | mo is the prime-to-l-part of f, and
€ = 1 or 0 according to whether y factors through the cyclotomic Z;-extension of
Q or not. In this latter case, we either have x = 1 or the element 1 — x(v) is a
unit in Ay, and 7, = 7y, will in fact be a basis. Combined with (5.12) we find a
(nonsplit) exact sequence

0= Ugs = Ullimiyax = Yoltya, — 0

where the last term is nonzero (and then isomorphic to the residue field @Q;(x)) only
for x(1) = 1.

The exact sequence (5.12) together with Lemma 5.4 and Lemma 5.11 below
for x odd (resp. the vanishing of P for y even) show that P{"j‘ml} = 0 for any
x. Hence the Aq -torsion submodule of H?(A) is X¢,,,1y. o, and M 2 is canonically
isomorphic to Y{U|OO} a0 if mg # 1 and to X{U if mg = 1. However, if y # 1

we have an isomorphism X¢° I

[loo},ax

lioo},ax Y{v|loo} a0 Y{v|oo} Iy . Summarizing we

have
M M?
x even, x(I) # 1 Aq, “Nfvo | Mgy -0
(5.25) X # leven, x(I) =1 | Ay, - nf#” Ag, -0
x=1,mg#1 Agy-m Ag, 0o
x=1mp=1 Aq, - Ag, - (0 =)
x odd 0 0
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where A is the unique place of L; above [.

We now break down the discussion into the various cases listed in this table.
In each case we use a basis of the Q;(x)-space Or [-5]* ®a Qi(x), the source of
the maps (. and val, in order to understand the tr1v1ahzat10ns ¢ and ¢. Then
we write down L in terms of 8; and (2 and apply Lemma 5.7.

The Q;(x)-spaces Y|} ®2 Qi(x) are nonzero if and only if x(p) = 1, in which
case they are of dimension 1 with basis any fixed place v, | p. For each such p
let z, € Ly, be an element with nontrivial divisor concentrated at v,. The Q;(x)-
space spanned by x;, is then mapped isomorphically to Y{,,3 ®a Qi(x) under the
valuation map val. Put J = {p | mo, x(p) = 1}, x5 = A\, Tp, v7 = N\, c; vp and

Cx = Hpe.] Cp

The case of even x with x(I) # 1. The element [3; is the image of the norm
compatible system

. 1
o = (L= Creor) € MmO, o [—]" @2 Zy

in M'/w C Op-5]* ®z16) Qi(x) where L C Ly, is any field so that x factors
through G = Gal(L/Q) We insist on taking L = L,, so that we have

B = (1 =x"' M)A = Cpo) = (L=x"HD)(1 = ¢p,) p=0
(1 - Cfx,(]l“) = [Lm : Lmol“‘/]_l(]‘ - X_l(l))(]‘ - Cfx) /’L > 0'
where p = ord;(m), ' = ord;(f,) and we recall the convention that x~*(I)
0 if 4/ > 0. The element 3; generates the one-dimensional subspace M!/w
Or,,. [ ®a Qi(x) of universal norms which coincides with OF  @a Qi(x). The
set {ﬁl} U {zp|p € J} is a basis of Op,, [-1]* @a Qi(x) and we also have
ﬂZ =0 =0, € }/{U|oo} X2 QI(X) = X{v|oc} D9 QZ(X)
Hence by Lemma 5.8
$o ¢ (B ® Pa)
= ¢(ﬂ1 /\x] ® Be () A B2)
A

Nl

= cy¢(B " Ayt ®val(zg) A B)
= cxlLim t Ly ] = X717 6 (L= ¢ ] 7 A a7t @val(ay) Aom)
(526) = ex[Lm ¢ Ly ] 1 =X O) 7 L= Cp )7 @ o

As elements of (Dety A*), we have using (5.15)

L=2nt®@0=2[Lm:Lr..] [] T @0
plmo, ptfx,0 P
1 w en—1
620 =2l Lpl [ = e = @b
plmo, ptfx,0 P peJd p

x(p)#1
For p € J we have Fr;fp = ~%!" and

AN ((1+Frp1+-~~Frpf”1)(1—'yln)> _

1-— FI‘; n 1— 'ycpl"

(5.28) x(

Cp
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since x(p) = x(7'") = 1. Hence we conclude from Lemma 5.7, (5.26) and the
identity [Ly, @ Ly, ] = [Limg : Lp, o] - [Lim t Lppyper] that

! Hf—p-¢o¢;1(6;1®32)

HL@1) =2 Ly : Ly o) ] T 1)
ped P

P|m0
x(p)#1
1 _
1—=x"'(p)
plml peJ
x(p)#1
=2 [L’m : fo] H (5;%) ' [1 - gfx]_l @ Om
plml

which is the identity (5.20) to be shown.

The case of even x # 1 with x(I) = 1. In this case the subspace M*'/w of
universal norms in Op,, [-=]* @a Qi(x) does not coincide with OF ®a Qi(x). A
basis of this latter space is given by (1 — (y ) and a basis of Op, [-5]* ®a Qi(x)
is {01, (1 —¢r, )} U{zp|p € J}. The next Lemma gives the necessary information

about ;.

LEMMA 5.10. (Solomon) Let L/Q be an abelian extension of conductor d > 1
in which 1 splits completely, and denote by L(OO)/L the cyclotomic Z;-extension
and by LW /L the subfield of degree I'. Then there is an element r(L(™) ") =
(k(LD A1), € lim Op (7] @z Zi so that (1 — A k(L) A) = N - ng where
N € A is the norm from Lgg» to L, and

ordy, (K(L,7")) = = logy(0w(Np, /(1 = Ca))
for any place w of L dividing .
PROOF. See [71]. O

We apply this Lemma to the splitting field L, of I in Ly /Q in which case
d= fy = fy,0- We then have 8y =@ 'y _, = N*%(L&‘x),yl") and

[Lineg, = Ly)Br = 6(LEY A1) = KLy, A"

as elements of O, [-5]* ® Qi(x). Taking norms from Ly, to Ly, we have

[Lueg, + DBy = (L A1) = w(Ly 7
in Or,, [-5]* @« Qi(x) where o = ord;(m). For each place v | [ of L, denote by w
the place of L, induced by v. By Lemma 5.10 we have
ordy (k(Ly:7")) = [ ordy (5(Ly,7'")) = —=[Llerlogy (Ni, i, (1= Cp)0)

n

and hence

TTLTn,'u/Ql (logl(]‘ - Cfx)”) :[Lmyv : LfX7U] logl(NLfX/LX(l - Cfx)'”)

_ 1D
=1y L B W (= Gr))
Ji

- __  Jr U
= T L Ly ordy (K(Ly, 7" ))
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and therefore

Bl =Cp) =y Tro,, ,jo,(log(1=(p)0) v

|l

I Zordv(m(LX,fy

[fo : LX] ’U|l

m

)) - v.

Since [Lyug, : Ly|B1 = n(L§<°°),yl”) = k(Ly,¥") we conclude

fr Ly, + Ly]
[fo : LX]

We are now in a position to compute ¢ o ¢_".

$po o (BT @ fBa)
=B AL = () A aTt @ Ba(2g) A Bo(l = (p) A B2)
= —cyfilLing, : Ly | ¢(B1_1 NI §fx]_1 A x}l ®val(xy) Aval(B1) A B2)
=cyfillng, L) o([1—=Cp )7 ABT Aayt @ val(zy) Aval(Br) A Ba)
(529) =cyfilLing, : Ly ) [1=Cr 7! @ o

ﬂw(l — Cfx) = — val(/E’l) = *fl[Llqu . fo] val(,@’l).

The element £ can be described as in (5.27) with only the power of w changing.
Combining this description with (5.28), (5.29), the identity [Ly, : Ly | = [Lm, :
Ly o)Ly, : Ly ] and Lemma 5.7 we obtain as before

1
GL&1) =2 Ly : Ly ] H 0 H forl=C ) @ om
plmo X AP peJU{l}
X(p)#1
=2 [Ly, : Ly ] H EH N-¢ ) ' ®om
plml

which is the identity (5.20) to be shown.

The case of the trivial character. As in the discussion of the case of even x
with x(1) # 1 we first compute the element $; € Op,, [-5]* @a Q; (recall By = ;)
using the fact that Nz, /(1 — () =I. We have

3 = l n=0
YT =) = (Lo Lo H > 0.

A basis of Op,, [-5]* @y Q; is given by {81} U{z,|p € J} = {B1} U {zy|p | mo}-
The map val is an isomorphism but fg is not. If mg > 1 a lift of 3y = o, to
X{v|mico} 18 given by o, — v; where v; is some place of L, dividing [, and this
remains true in the case mg = 1 where 3 = 0 — A. Moreover,

i) = e = LBy By B D,

vl
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and hence val((1) = —[Lum, : Q| f; ' B2. Therefore
6005 (B @ B2) =¢(Br ' Ny ® Ba(ws) A Bo)

=_ cxm(b(ﬁll A x;l @ val(zy) Aval(B3;))
L
XL 1 Q)
Again we have
L£=2 [Lmo : Q] H i‘r_l weﬁl_l ® ﬁ2
P|mo - p
and
_ . o Ji
HL@1)==2[Lm, : Q) pgo ey X I Q]
=-2-[[EH) =co " T]EH)
plml plml

which is the identity (5.20).

The case of odd x. In this case the maps (8, and val are isomorphisms. The
valuation map u +— val(u) =}, ,,; ordy(u) - v has a diagonal matrix in the bases

{z,} and {v,}. The matrix of the map §, on the other hand is upper triangular
with diagonal terms

Ba(p) = cpval(ay);  folwr) = ey Try, ,sq,(logi (1)) - v
vl

where the term corresponding to p only occurs for x(p) = 1. If x(I) = 1 then we
may pick z; to lie in the splitting field of I in L,,/Q and we obtain

> Tro, o (og(zy) - v =D > log(ow(gz1) - g o
vl 9€Gm /Dy

where o, is the embedding corresponding to v; (so that we have o, (z;) € Q).
The image of this element in Yi,;;; ®a Qi(x) is

Dy > logy(ow (gz) - x(9) " or = [Di] Y logy(ow, (g31)) - x(9) '

9g€Gm /Dy geEGy

where G, = Gal(L,/Q) with L, the fixed field of x and &; is the Norm of z; into
L. We have val(z;) = ordy, (@) - vi = |I;| ordy, (Z;) - v; where w; is the place of Ly,
induced by v; and |[;| is the ramification degree of [ in L,,/Q. Hence

D1l 3 gec, logi(ow, (971)) - x(9) ™

Bw(w1) = 1 ‘Il|0rdwz('il)

val(z;)

and the map ¢ o ¢_! is just multiplication with

Y gea, logi(ou (971)) - x(9) ™!

ordwl (i‘l)

(5.30) $odg =caf
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where the last three factors only occur if x(I) = 1. We have #; = S = 1 and in
(Dety A%),, using (5.16)

(5.31) c:e;}]zawé 11 LS e

1 —I
fx,() p\mmp)(fx,o 1 - Frp peJ ]. — Frp
x(p)#1
where § = 1,0 according to whether x(I) = 1 or not. If x(I) # 1 we have
(5.32) X(0r,0) = Lx™,0)(1 = x7'(1)

using (5.6) and the fact that the gy satisfy Euler-system relations.
LEMMA 5.11. (Ferrero-Greenberg) If x(I) =1 then

0r0\ 1 Dge, 1o (97) - x(9)
X(?) =L 0)e ordu, (71)

-1

(5.33)

PRrROOF. Consider the [-adic L-function

-1 ~s

Ll(X w, S) = (szyclo)(efx,o)
where w is the Teichmueller character, s is a variable in Z;, Xcyclo = chdow’l
G — le, and we extend continuous characters of G~ to algebra homomor-
phisms A — @ in the usual way. In [33] a formula is given for the derivative
Lj(x 'w,0). For a certain l-unit (Gaussian sum) 1 € Ly one has

= Y x'9)log (v (gm))-

5=0 " geay, /<>

_ d _
Lj(x 'w,0) = %LZ(X 1w, s)

On the other hand, Stickelberger’s theorem says that

Fx
c _
val(y1) = E ordg., (M) - gu = E f_ T, 1vz
recn<t> i

where val is the valuation map normalized for the field Ly . After applying x we
find

fx
val(y) = Y fix-1<c> o= —L(x1,0) - v
c=1 X

On the one-dimensional Qi(x)-space Or,, [7]* ®zq,, ) Qu(x) = O, [7] @2 Qi(x)
we have the two Q;(x) - vi-valued linear forms (5 and val whose ratio can be
computed by evaluating on either the element x; of 4
Sgea, 1081(00, (98)) - x(9) " Xgeq, s<is X (9)10g1(00 (91))
ordy, (1) B —L(x~1,0) '

"

Now the function h(s) := (XXeye1o) (@) = (XX&yao)(1 — 7" ) also has a first order

zero at s = 0 with derivative h/(0) = —log;(Xeyelo(7'")) = —¢; ! and
X (fo,o) _ (Xngclo)(gfx,o) _ L;(O, X71W)
w (ngkcgyc]o)(w) h/(o)

deGx IOgl(UUz (gjl)) . X(g)_l
ordy, (Z;)

:L(Xilv O)Cl
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By Lemma 5.7 (e is mapped to 1) together with (5.30)-(5.33) and (5.28) we
find

¢(c®1):ﬁ H I f=@x0H) [ &

plml plml plml
x(p)#1 x(p)=1

which is (5.20).

The descent argument for j < 0. In this section we again fix 1 < m # 2 mod 4
and M = h®(Spec(L,,))(j) with j < 0, and we shall prove Conjecture 3 for M and
A = Q[G,,] in a way which is completely parallel to the case j = 0. Theorem 5.2
is the key ingredient and the remaining arguments are computational.

The sequence Mot is the R-dual (with contragredient G,,-action) of the
isomorphism

n
K1 5;(Op,) @z R —2= <EB C/R- (27ri)1_j>

TeT

where poo is the Beilinson regulator map, 7 = Hom(L,,,C) and the R-dual of this
last space is identified with ker(aps) = ME’R by taking invariants in the Gal(C/R)-
equivariant perfect pairing

@R (2mi) @C/R (2mi)t™ JH@(C/QWZ R 3R
T€T TeT TeT

induced by multiplication. Note that this pairing identifies the Q-dual of Mg =
D.cr Q- (2mi)? with @, .7 Q- (2mi) ™7 C @, 7 C/R- (27i)' /. Defining

JF
= (@ Q- (2m'>j>
T€T

we obtain an identification as in the case j =0
E(aM)* = Dety! (K1-2j(OL,,) ®2 Q) ©4 Det4 Y (=)
= [I K1-2;(01,) ®2 Q)" @ay V(=) @2 Q) x [ Q)

x(—1) x(—1)

:(71).7 :(71).7’-%—1

The formulas for L*(n,0) in section 5.1 generalize to j < 0 (see [75][Ch.5]).

Lin,j) = - Droin . 0’ fZB (=-)n(a) € Q)
S T A Ay

rnsmy =t (2 3 2 Ly (@) i) = (1)

Here By, is the k-th Bernoulli polynomial and Lig(z) = > 00 | 5.
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THEOREM 5.12. (Beilinson/Huber- Wildeshaus) For integers f | m,j < 0 there
is an element §7(j) € K1_2;(OL;) ®z Q whose image under the regulator map is
given by

—poe(&(G) = (=TT Y Ly (™) (om)

a€(Z/mZ)*
and whose image in H'(Ly,,Q,(1—j)) under the étale Chern class map p§' is given

by

PG = D -a)@ ()P

m—
[0 —Cf r

PRrROOF. See [46][Cor. 9.6, 9.7]. In the notation of [46] we have
() = (=D e ()
In particular ££(0) =1 — (y. O

We find that the image of e, &y, (j) under p is [Ly, : Ly, |-2- L' (n~1, j)(2mi) =7 -
om and hence that 40 (L*(aM,0)™1) = (L*(4M,0)"1)# 4094 (1) has components

2 Ly : fol[ffx(j)}_l ® (2mi) 7 o x(—1) = (—1)
(LOx,5)%) x(=1) = (=17t

Defining A(Ly,)(j) = RU(Z[-1;],T;)*[—3] we have isomorphisms

AVoo (L (AM,0)71), = {

BN A(Ln) (D, = H (O, [ 5], Qu(1 = ) - Ky 5;(01,.) 220

+
H?*(A(Lm)(j))a, = (@ @z(—ﬁ) =Y () ®e Q

TET
The isomorphism 49; : E(AM)EL =~ Deta, A(Ly)(j)g, sends a0 (L*(4M,0)71) to
(5.34)

1|_[z W 2 (Lo L J[Ep, ()T @GR o i x(—1) = (—1)7
(5.35)

]|~—[ m ’ (L(ij)#)71 if X(_]-) — (_1)j+1

p|lml

where (j is the generator of (1) given by the inverse system ((n+1)n>0-

For j € Z we denote by k7 : Gpu= — A* the character g — Xeyclo(9)7g as well
as the induced ring automorphism &7 : A — A. If there is no risk of confusion we
also denote by x’7 : A — ; C A; the composite of x’ and the natural projection to
Q[l or Al.

LEMMA 5.13. a) For j € Z there is a natural isomorphism

A% @ o W 2= A(Ln) (7).
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b) For j € Z the image of an element

mol™

L) 2/ (1) 2 U,y = HY(A™)

u = (un)nzo S linHl(OL [E

n

under the isomorphism H'(A™®) ®, . A1 = HY(Oy,, [-5],Qi(1 - 5)) is given by

(5.36) Tregin g, (Un U (o >0
¢) For j € Z the image of an element
s = (Sn)nZO € liﬂlZ/ZnZ[Gmol"} 0= Y{oo

vloo}
n

under the isomorphism Y{if’ } ®n i Ay = HO(Spec(Ly,, @ R),Qi(—5)) is given by

(Sn U C%_j)nZO

o0

PRrROOF. The automorphism x7 is the inverse limit of similarly defined auto-

morphisms 7 of the rings A, = Z/I"Z|Gyn]. The sheaf F,, = fn . fiZ/1"Z
(where f, : Spec(Op,, n [-L]) — Spec(Z[-4]) is the natural map) is free of rank
one over A, with 7 (Spec(Z[-1;]))-action given by the inverse of the natural projec-

tion Gg — Gugin. There is a A,-x~7-semilinear isomorphism tw? : F,, — F,(j).
Shapiro’s lemma gives a commutative diagram of isomorphisms

tw?

RTU(Z[:L). Fn) — RU.(Z[35], Fu(5))
(5.37) | |
ues?

RTe(OL,n ) Z/1"2) —— RTe(OL,, 10 L), Z/1"L(3))

where the horizontal arrows are A,-x~7-semilinear. Taking the Z/I"Z-dual of the
lower row (with contragredient G,,,m-action) we obtain a # o k™7 o # = K’-
semilinear isomorphism

RT.(Op,

L1202 (-8 BrOL,, ) 20T )

mgln mol™

After passage to the limit this gives a x7-semilinear isomorphism A% = A% (5), i.e.
a A-linear isomorphism A* ®, ,; A = A>(j). Part a) follows by tensoring over A
with 21;. The Z/I"Z-dual of the H? of the inverse map in the lower row in (5.37)
coincides with

L) z/m21))

1 Ay YR
V2ra - ) S 0,

1 —_—
H (O [ml

mgl™ mgl™

by Poitou-Tate duality. This gives b). Similarly to the lower row in (5.37) we have
a kJ-semilinear map
®j
Fit = B (L @ R,Z/1"2) = HO(Lingin @ R, Z/I"2()) = Fa(G),

the Z/I"Z-dual of which is the x/-semilinear isomorphism A,, - o « A,, - o U Cl%_j

given by cup product with ¢ ®=J. Passing to the limit and tensoring over A with
A; we deduce c). O
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By Lemma 5.13 a) we have an isomorphism of perfect complexes of /;-modules
(DetA AOO) ®A7,§j Q‘l = Detg[l A(Lm>(j)
under which £ ® 1 is an 2;-basis of the right hand side by Theorem 5.2. For any
X € Gm we have the corresponding ring homomorphism
WA = Qu(x)
whose kernel we denote by g, ;. This is a regular prime of A and we again apply
Lemma 5.7 with R = Aq_ .

If x(—1) = (=1)7! then v ,(—1) = x(~Dw(=1)7 = —1 ie. 1, , is odd.
In this case AZY is acyclic (there are no trivial zeros at the character xx’) and
Lemma 5.7 applies with 3; = b = 1. The image of £ in (Dety A>),, . is

1
— 1_ -
L=00=0:" ] ——

plmo,ptfx,0

and the image of L ® 1 is

. i) =[] = Lilx "' ,5)7"
(5.38) Xk’ (L) = NPT X" w )
I | 1 —1 1
o LX) Lo9)

where the last equality follows from (5.7). This value agrees with (5.35) which
finishes the proof of Conjecture 3 in the case x(—1) = (—1)7+1.

If x(—1) = (—1)7 then the character g, ; is even and in order to apply Lemma
5.7 with R = A, , we must describe the bases (1 and (5 in this case. By Lemma
5.13 b) the image of 1y _, € H' (A®), , in M'/w = Hl(OLm[ml] Qi(1 —j)) is
given by the element described in Theorem 5. 12, in particular it is nonzero. Hence
B :=ny,, is a Ag_-basis of My, and by Lemma 5.4 the image of ¢ is then a basis
of M? = H?*(A>), .. By Lemma 5.13 ¢) the image of ¢ in M?/w is 2 o
The computation showing that £ ® 1 equals the element in (5.34) is now exactly
the same as in the case j = 0, x even, x(I) # 1, J = 0.

5.2. CM elliptic curves and the main conjecture for imaginary qua-
dratic fields. Let K be an imaginary quadratic field, and ¥ a Hecke character of
K of infinity type (1,0) (such a v always exists; see [77] for a nice discussion of
such characters with minimal conductor and field of values). The field of values of
1 is a CM-field and we denote by ¢ the conjugate character. Any algebraic Hecke
character of K is of the form ¥ = ¢*yJy where j,k € Z and y is a finite order
(Dirichlet) character of K.

The computations of the previous section should have analogues for motives
M (¥) associated to any algebraic Hecke character ¥ of K, and all primes [ but this
has not been worked out in all cases. The analogue of the Iwasawa main conjecture
(Theorem 5.2 above) is actually simpler since there is no distinction between even
and odd characters: The l-adic L-function £ is just given by an appropriate norm
compatible system 7,,, of elliptic units. The method of Euler systems allows to
prove this main conjecture (for [ not dividing the number of roots so unity in the
Hilbert class field of K a proof is given in [66]), and the analogue of the theorem
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of Ferrero and Washington on the vanishing of the p-invariant is also known if [ is
split in K/Q [38].

The critical case. Recall that a motive M is called critical if ker(aps) =
coker(aps) = 0. If the weight of M is different from —1 Conjecture Mots, then
implies that H} (M) = H}(M*(l)) =0 for all ¢. If M(¥) is critical and of negative
weight (modulo replacing ¥ by W this is the range k < 0 and 0 < j < —k) the
relation of 9, to the leading coefficient L*(M(¥)) is given by an explicit reci-
procity law due to Wiles (for £ = —1,j = 0 [78]), Kato (for j = 0 [49][Thm.
2.1.7]) and Tsuji (in general [74]). Proofs of Conjecture 3 (for certain critical ¥
and certain [ and A) can be found in [66][Thm. 11.1], [43], [42], [26], [24]. We quote
here one result from [24] dealing with the classical Birch and Swinnerton-Dyer case
k= —1,7 = 0 but with emphasis on non-maximal orders.

THEOREM 5.14. (Colwell) Let F/K be an abelian extension and E/F an elliptic
curve with CM by K and so that the Weil-Restriction B = Resk(E) is of CM-
type. Assume rankz E(F) = 0. Then Conjecture 8 holds for M = h'(B)(1),
A = Endk (B) and 1 > 3 any prime number not dividing the class number of K.

Note here that Endg(E) may be any order in K and that 2 is usually a non-
maximal order in A = Endg(B) ® Q.

The non-critical case. Here our knowledge is incomplete in one basic aspect:
The Q-space H}c (M(¥)) is not known to be finite dimensional unless M (¥) is a
direct summand of a motive discussed in our Example a) (i.e. k¥ = j and we are
dealing with M = h°(Spec(L))(—j) where L/K is an abelian extension). One
actually works with an explicit subspace of H }(M (0)) of the expected dimension
(i.e. such that Conjecture Mot holds). The construction of this space is due to
Deninger [29] and the computation (in certain cases) of the étale regulator of its
elements due to Kings. Conjecture Mot; is not known for this space in all cases
(this is equivalent to the vanishing of H?(Z[-Y;], M;) discussed in [53]). To illustrate
we quote the main result from [53] corresponding to k < —1,7 =k + 1.

THEOREM 5.15. (Kings) Let E/K be an elliptic curve with CM by Ok. Then
Congjecture 3 holds for M = h'(E)(j) where j > 2, % = O and | > 3 is prime to
the conductor of E and such that H*(Z[-%], M;) = 0.

It is quite likely that the arguments of Kings can be used to prove Conjecture
3 for M = h'(E)(j) with j < 0 without any assumption on a vanishing of H?. For
a generalisation of Kings’ method to some other Hecke characters of K see [3].

5.3. Adjoint motives of modular forms. Let f be a holomorphic newform
on the upper half plane (of weight £k > 2, level N and some character), denote
by E the number field generated by the Fourier-coefficients of f and by M(f) the
motive associated to f (of rank 2 over E¢). Let Sy be the finite set of places A of E¢
which either divide Nk! or such that the G p-representation on Ty /) is absolutely
reducible, where F' is the quadratic subfield of Q((;), { is the rational prime below
A, and T\ C M(f) is a Gg-stable lattice.

THEOREM 5.16. (Diamond, Flach, Guo [31]) Let M = Ad°M(f) be the adjoint
motive of M(f) consisting of all endomorphisms of trace 0 in Hom(M (f), M(f)).
Then conjecture 8 holds for M or M(1), 4 = O, and any prime X ¢ Sy.
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The proof is rather different from the previous examples as it is not based on
either Euler systems or an Iwasawa Main Conjecture. The key ingredient is the
Taylor-Wiles method developed to show modularity of elliptic curves over Q.

For an integer N let ¥ be the set of newforms of weight 2, level N and trivial
character. For the adjoint of the motive M := h'(X(N)) = [Ies M(f) Theorem
5.16 implies Conjecture 3 with respect to the maximal order U = Hf€EN O, in

f
the algebra A =[], E¢ = End(Jo(N)) ® Q. This can be refined as follows.

THEOREM 5.17. (Qiang Lin [58]) Let N be a prime number, M = Ad’h*(Xo(N))
and T the integral Hecke algebra of weight 2 and level N (which is known to co-
incide with End(Jac(Xo(N)))). Then Congecture 3 holds for M or M(1), A =Ty
and primes | so that A ¢ Sy for all A |1 and all f € Xn.

This is proven by an explicit algebraic computation using Theorem 5.16 and
the fact that A[3] is a local complete intersection ring (which follows from the
Taylor-Wiles method).

5.4. Motives of modular forms. The results for motives M (f) associated
to newforms are less complete than those discussed in the previous sections. For
example, Conjecture 3 includes the conjecture of Birch and Swinnerton-Dyer (BSD)
for (modular) elliptic curves E over Q. In the last two decades there has been quite
some progress regarding this conjecture in the case ords—1 L(F,s) < 1 (but none
for higher vanishing order). Both the Euler system of Heegner points, discovered by
Kolyvagin [55], and the Euler system of Ks-elements, discovered by Kato [50], allow
to prove upper bounds for the Tate-Shafarevich group which are related to L*(E, 1).
Sometimes this suffices to prove equality, either because the upper bound is 1, as
it is for all but finitely many [, or because it can be achieved by the construction
of elements in the Tate-Shafarevich group (for example using the idea of visibility
due to Mazur and Cremona [25]). This allows to verify the [-primary part of the
BSD-conjecture for many curves F and primes ! (but eventually only for E in a
finite list of examples). The paper [2] contains an extension of visibility arguments
to modular abelian varieties of dimension > 1, corresponding to weight 2 forms f

with Ey # Q.

We remark at this point that a strategy for proving Kato’s Iwasawa main con-
jecture [50][Conj. 17.6] for the cyclotomic deformation of motives M (f) at ordinary
primes [ has been outlined recently by Skinner and Urban. This main conjecture
is an analogue of Theorem 5.2, and descent computations along the lines of those
given after Lemma 5.7 allow to deduce the l-part of the conjecture of Birch and
Swinnerton-Dyer if ords—; L(E,s) < 1. These computations are straightforward if
ords—1 L(E, s) = 0 but require an [-adic analogue of the Gross-Zagier formula due
to Perrin-Riou [61] if ords—1 L(E,s) = 1.

In a similar vein, Bertolini and Darmon [8] study the main conjecture for the
anticyclotomic deformation of motives M (f) (at least if f is attached to an el-
liptic curve E) with respect to an auxiliary imaginary quadratic field K and an
ordinary prime [. This line of research might eventually lead to cases of the
Birch and Swinnerton-Dyer conjecture for E over ring class fields H of K (and
A = Z[Gal(H/K))).
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The motive M = h*(Xo(N))(1). A reader familiar with the usual formulation
of the BSD-conjecture might not recognize it in Conjecture 3. In this section we
illustrate how to go back and forth between the two formulations in the example
M = h'(Xo(N))(1), N prime, 2 = Ty := End(Jo(N)) (the adjoint of which was
considered in Theorem 5.17). We hope that such a reformulation can serve as a
basis for numerical checks of the equivariant conjecture over ¥, in the spirit of
the paper [2] by Stein and Agashe.

In any case the link between Conjecture 3 and its classical counterpart (i.e.
the formulation originally used by Bloch and Kato in [10]) is given by an integral
version
1

(5.39) RT. (2]

|, 1) — RT#(Q,T)) — €D R #(Qy, Th)

peS

of the exact triangle (3.1). One has to ensure that all terms are perfect complexes
of 2;-modules and there may not be a natural (or any) way to do so. If A =7
however, or more generally if 2 is maximal and hence a product of Dedekind rings,
one can simply define RT'f(Q,,T;) by prescribing its cohomology to be the group
H}(Qyp,Ti) € H}(Qp, M;) defined by Bloch and Kato in [10] (see the end of section
1.5 in [14]).

Coming back to our example where A = T we first recall Mazur’s fundamental
result [60] that for [ # 2 the module T} := H'(Xo(N)g, Zi(1)) is free of rank 2 over
T n . In particular the projectivity condition before Conjecture 3 is satisfied. Mazur
also shows that Dy := Hjgp(Xo(N)/Z1)(1) and Fil’ Dy = HO(Xo(N) /2, U, vy /2,)
are free of rank 2, resp. 1 over Ty ;. We shall only be able to exploit this in the
”good reduction case” where [ # N although the following arguments might be
pushed to | = N. We have D; := D.y;s(M;) = Dg,(M;) and by [10][Lemma 4.5]
there is a quasi-isomorphism (given by the vertical map)

Fil° D, 7, D,

l l

D N pog Dy F Dy

The top row contains an obvious integral complex, and we may define a perfect
T nv-complex RT((Q,,T;) as

I lfFrp I

TP T l4p
RFf(QpaTl) = l_o 17F\rpl
Fil Dl e Dl = p-

If we then define the complex RI';(Q,T;) by the exact triangle before (3.1) its
cohomology is given as follows.

LEMMA 5.18. If III(Jy(N)) is finite then
H}(Q, 1)) =0, H}(Q,T;) = Homg(Jo(N)(Q)e, Qi/Zy)
and there are exact sequences of T, -modules
0— H}(Q,Ti) — Jo(N)(Q) ®zZi — Py~ — HF (Q,T1) — HF(Q,T;)"" — 0
0 — HI(Jo(N))i — HF(F,T)?¥ — Homz(Jo(N)(Q),Z) — 0
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where @y is the group of components of the reduction of the Neron model of Jo(N)
in characteristic N .

PROOF. See the computations in [14][(1.35)-(1.37)] O

For simplicity we now put ourselves in a rank zero situation. The winding
quotient 7 : Jo(N) — J is an abelian variety over Q, maximal (up to isogeny) with
respect to the property that L(h!(.J),1) # 0. More precisely, if e € H1(Xo(N),Q)™"
is the image of the path from ico to 0 in the upper half plane, J. C Ty is the
annihilator of e and

J = Anng,, (Anng, (J3.)) 2 J.
is the saturation of J. then J = Jo(N)/TeJo(N) = Jo(N)/IJo(N) and
Hy(J(C),Z) = Hi(Jo(N)(C),Z) /3 - Hi(Jo(N)(C), Z)
(after inverting 2). In particular, the homology of J is locally free (away from 2)
over T := ¥ /T and the conditions before Conjecture 3 are satisfied for J and
A = T and | # 2. The usual BSD-conjecture for J is studied for example in [1] and
we shall make precise the conjecture over 2 = <.

Mazur [60] shows that Ty (3] is Gorenstein, and we shall henceforth assume the
same for T[1] (for many N it will simply be the case that J[3] = (%) where w
is the Atkin Lehner involution, and T[3] will be a direct factor of Ty[3] and hence
Gorenstein). Then the homology of the dual abelian variety J is also locally free
over . Denoting Neron models by /Z, it is known that the map

T HO(J/Z?Q}I/Z) - HO(JO(N)/ZaQ}IO(N)/Z)[jE]
is injective and has 2-torsion cokernel (the cokernel may be regarded as a generalized
Manin constant attach to J). Dualizing, we find that Hl(j/Zl,O) is free of rank 1
over T; for [ # 2 and so this also holds for HO(J/Z”QIJ/ZI) and H}p(J/Z;) by our
(}orenstein assumption. In summary, all of the above considerations apply to J or
J in place of Jy(N).
For M = h'(J)(1) we have A := Tg-isomorphisms
Mp = H'(J(C),27i-Q) = H'(J(C),Q)" = H,(J(C),Q)

Mar/ Fil° My = H'(J,05) = HO(J,Q} )"

E(aM) = (H:(J(C),Q)") " @a H(J, Q) 0)"
where * denotes the Q-dual. The period isomorphism sends a path - to the linear

form w +— [ w on differentials, and ap : Hy(J(C),R)* = HO(J,Q} )z is an

isomorphism. By a well known fact in the theory of modular forms the Z-linear
form a; € HO(JO(N)/Z,Q}]U(N)/Z)* given by
H(Jo(N) /2, gy vy y2) = S*(To(N), Z) 3 g = ai1(g)
is in fact a Ty-basis of H(Jo(N)z, QlJO(N)/Z)* and hence its image is a T-basis of
HO(Jo(N) 2y Qo vy y2)* /3 = HO(Jy2,252)*

away from 2.

LEMMA 5.19. With the notation introduced above we have

Aﬁgol(L*(AM, 0)71) e l® a € E(AM)
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PROOF. By definition of 49 we have 49 (e ! ® apr(e)) = 1. We can write
ap(e) =t-a; with t = (ty) € Tp = erz, R where X' is the subset of forms in
¥ n corresponding to J. Applying this identity to a newform f € ¥/ we find

/ flq dq /wf—aM( )wy) = tai(wy) = trar(f) =ty
Hence t = L(4M,0) L*(AM 0) and aVs(e ! ®ay) = L*(aM,0)~ L. O

One verifies easily that a; is in fact a Tj-basis of dets, RT'(Qp,T}) as defined
above. However, e need not be a T;-basis of Hy(J(C),Z;)". So let b be the invertible
fractional ¥-ideal so that

(5.40) b-e= H (J(C),Z)*

away from [ = 2. The triangle (5.39) induces an isomorphism

1
Det, RTc(Z[¢]
= Det, RI'#(Q,T;) ® Detg, RT§(Q;,T;) ® Detz! Hy(J(C),Z)"
%Detgl RFf(Q; Tl) & b_lal ® 6_1

Now recall that since the rank of J(Q) is zero RT'f(Q,T}) is a (perfect) T;-complex
with torsion cohomology and hence

Dets, RT'#(Q,T;) C Dets,, RU;(Q, M;) & T,

1)

identfies with a fractional ideal. The statement that e~! ® a; is a basis of the
invertible T;-module Detg, RT'.(Z[4],T}) is equivalent to

(5.41) Dets, RT'f(Q,T;) = b;.
Summarizing we have

PRrROPOSITION 5.1. Let N be a prime number and J the winding quotient for
Jo(N). For any prime | # 2,N there exists a perfect complex RT'¢(Q,T;) of %;-
modules with cohomology in degrees 1,2,3 given by the exact sequence

0 — H{QT) — J@Qu= — &~ — HHQT) — HI(J/Q)= — 0

and H;’(Q,Tl) >~ J(Q). Moreover, the l-primary part of Conjecture 3 for M =
RY(J)(1) and A = T is equivalent to (5.41) where b is defined in (5.40).

Taking norms from ¥ to Z we find that the usual BSD-conjecture for J is
equivalent to the statement
W/
|7 Q)IJ(Q)
up to powers of 2 and N. The right hand side is the index of the Z-lattice ¥ - e in
the lattice Hy(J(C),Z)" (in the generalized sense since the two are not contained
in each other). We therefore (almost) recover Agashe’s formula [1][Eq. (1)]. The
difference is that we work with the quotient H;(J(C),Z) of Hy(Jo(N)(C),Z) rather
than the submodule H, used in [1]. So there is no analog of the term H* /(I.H)"
H7 in our formula. Moreover, the factor cjs (resp. n) in the left hand side of [1][Eq.
(1)] does not occur in our formula because we disregard [ = 2 (resp. we do not
introduce the Eisenstein ideal into our computation).
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It is expected that the only primes I dividing |.J(Q)|, |/(Q)| and |®| are those
dividing the numerator n of (N — 1)/12. Assuming this and [ t n we find that
II(J/Q);= is of finite projective dimension over ¥; (and its fitting ideal should
be bl_l). It would be interesting to look for examples of pairs (N,l) where b; is
nontrivial, ¥; is nonmaximal and [ 1 n. In such a case ”being of finite projective
dimension” would ascertain a nontrivial module theoretic property of III(J/Q).

Motives M(f)(n) for f of weight k. In the critical range 1 < n < k —1
Conjecture 2 (apart from the vanishing of H}c (M)) is known and the results of Kato
[50] yield upper bounds for the Selmer group similar to the Birch and Swinnerton-
Dyer case discussed above. If k is even and the sign of the functional equation
of L(f,s) is —1 a limit formula for L'(f, g) has been proven by Zhang in [81],
generalizing the Gross-Zagier formula in the case k = 2.

In the noncritical range n > k one has results towards Conjecture 2 (the Beilin-
son conjecture), involving the construction of a subspace of H}(M ) whose image
under the regulator is related to L(f,n) (see [68] for k = 2 and n > 2. The case
n > k > 2 has been announced in [30] but has not yet appeared in print). For
progress towards computation of the étale regulator of the elements constructed in
[30] see [37].

5.5. Totally real fields and assorted results. The results of sections 5.1,
5.4 and 5.3 all have partial analogues for a totally real base field F' in place of Q.
In this section we fix such a field F.

Abelian extensions of F'. The main conjecture of Iwasawa theory, proved by
Wiles [79], together with the vanishing of the p-invariant for totally real fields, very
recently shown by Barsky [4], yields the following result. For a CM field L we
denote by ¢ the unique complex conjugation of L.

THEOREM 5.20. (Wiles/Barsky) Let L/F be an abelian extension with group
G and so that L is a CM-field. For j < 0 let M~ be the direct summand of
hO(Spec(L))(j) cut out by the rational idempotent associated to (1 + (—=1)7¢c)/2 of
QI[G]. Then conjecture 8 holds for M~, 1 # 2, and % = Z[G]/(1 — (=1)’c) (one
also needs to assume that the ray class field of F' of conductor € is a CM field to
satisfy hypothesis H-0 of [4]).

PRroOOF. (Sketch) The l-adic L-function interpolating the (critical) values of
L-functions of finite order Hecke characters of F' is given by an inverse limit of
Stickelberger elements (as in [80][Eq. (1)]), similar to the elements 6,,, discussed
in section 5.1. However, there is no analogue of cyclotomic units (unless F/Q
is abelian), and the generalization of Theorem 5.2 can only can be proven for
A% @% A/(c+1). The analogue of the odd part of Lemma 5.4 is [79][Thm. 1.2,
Thm. 1.4], and the vanishing of the p-invariant of 6,,, and hence of P> is proven
recently in [4]. The descent arguments are then identical to those given in section
5.1. (I

Remark. For j = 0 and (odd) characters x such that x(I) = 1 there is no
analogue of Lemma 5.11 and therefore a descent along the lines indicated above is
not possible. With the results of [80][Thm. 1.3] one might be able to deduce some
cases of Conjecture 3 for motives h°(Spec L)(x) cut out by rational characters x of
G and 2 a maximal order in Q(x).
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Note that the conditions j < 0 and x(c) = (—1)*! ensure that M () is not
only critical but that in fact all the six Q-spaces involved in the definition of Z(M)
vanish. This is the simplest possible situation of the Tamagawa number conjecture:
the L-value is an algebraic number (in the coefficient field A).

Hilbert modular forms. Shouwu Zhang has recently generalized the formula
of Gross-Zagier from Xo(N) to arbitrary Shimura curves over totally real fields
F' [82]. One therefore has a generalization of the Euler system of Heegner points
from motives M (f) discussed in section 5.4 to motives attached to Hilbert modular
forms f of parallel weight 2 with all the ensuing consequences. The work of Zhang
probably represents the most significant advance concerning Conjectures 1-2 in
recent years. For illustration we quote one result from [82].

THEOREM 5.21. (Zhang) Let f be a Hilbert modular newform over F, of parallel
weight 2 and level N. Assume that either [F : Q] is odd or that ord,(N) =1 for
one place of F, and let A(f) be the abelian variety associated to f. Finally assume
that ords—1 L(f,s) < 1. Then Conjectures 1 and 2 hold for M = h'(A(f))(1) and
A = Ejy, the field generated by the Hecke eigenvalues of f. Moreover, III(A(f)) is
finite or, equivalently, Conjecture Mot; holds for all l.

For more details we refer to the papers by Zhang [82], [83] and Tian [73]. We
remark that an analogue for Kato’s Euler system is still missing over totally real
fields (and may be not expected).

Adjoint motives of Hilbert modular forms. The Taylor-Wiles method has been
partially generalized to totally real fields [36] and may be expected to give instances
of Conjecture 3, analogous to those in section 5.3. To a certain extent this has been
worked out in the recent thesis of Dimitrov [32] (without the precise relation to a
motivic period, however). In a slightly different direction, using Fujiwara’s work
for Hilbert modular forms of CM-type, Hida [44] has recently shown many cases of
the anticyclotomic main conjecture for CM-fields.

Hecke Characters. Conjectures 1 and 2 are known for critical motives M (W)
where U is any Hecke character of any number field [9]. Using the work of Hida
[44] mentioned in the previous paragraph it is quite likely that one can also obtain
many instances of Conjecture 3 for such motives (if ¥ is a Hecke character of a
CM-field). In the noncritical range Conjectures 1 and 2 are known for Tate motives
h°(Spec(L))(j) over any number field L and A = Q [12].

We refer to Ramakrishnan’s comprehensive survey article [64] for the state of
affairs with regard to Conjectures 1 and 2 circa 1989, before Conjecture 3 was
formulated.

Part 3. Determinant Functors: Some Algebra

In order to formulate an equivariant Tamagawa Number Conjecture over a not
necessarily commutative semisimple algebra A we need to discuss some algebraic
preliminairies. Recall that for a commutative ring R and finitely generated pro-
jective R-module P, the rank of P is a locally constant integer valued function
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rankr(P) € H°(Spec(R),Z). The determinant of P is the invertible R-module

rankpg (P

)
dgt(P) = /\ P.

A short exact sequence
0—-P,—P,— P3—0

induces a (functorial) isomorphism

(5.42) dgt(Pg) = dgt(Pl) ® dgt(Pg).

If P, = P, & Ps3, and one does not specify which of P and P53 one views as the
submodule and which as the quotient, there is a sign ambiguity in the isomorphism
(5.42) (if the tensor product of invertible modules is endowed with its usual com-
mutativity isomorphism z ® y — y ® x). In order to avoid such ambiguity one has
to retain the rank information and view the determinant as a functor

Detgr : (PrMod(R),is) — Inv(R), P — Detr(P) := (d}%t(P),rankR(P))

from the category of finitely generated projective R-modules PrMod(R), and iso-
morphism of such, to the category Inv(R) of graded invertible R-modules, and
isomorphisms of such. The monoidal category Inv(R) has a modified commuta-
tivity constraint involving a sign depending on the grading (see [16][2.5] for more
details). The functor Detg can be extended to perfect complexes and isomorphisms
of such, and there is an isomorphism (5.42) for short exact sequences of complexes.
All computations in the last section are understood to be performed with Det rather
than det. For example, the source of the map 9 is really the graded module (R, 0).

We now indicate how a slightly more abstract point of view on the determinant
functor leads to its generalization to non-commutative rings.

The category Inv(R) is an example of a so called Picard category:
e All morphisms are isomorphism.

e There is a bifunctor (L, M) — L X M with unit object 1, inverses, asso-
ciativity and commutativity constraint.

Definition. Let R be any ring. A determinant functor is a Picard
category P, a functor D : (PrMod(R),is) — P, and functorial isomorphisms
D(P;) = D(Py) X D(Ps3) for short exact sequences, satisfying conditions as in-
dicated in [16][2.3].

THEOREM 5.22. (Deligne, [28]) For any ring R there is a universal determinant
functor

Dpg: (PrMod(R),is) — V(R).
V(R) is called the category of virtual objects of R.

This is a categorical version of the Grothendieck group Ky(R). Indeed, any
Picard category P gives rise to two abelian groups mo(P) and 71 (P), the group of
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isomorphism classes of objects of P with product induced by X, and the automor-
phism group of the unit object 1 (or any other object). Deligne also shows that
Dpg induces isomorphisms

N Isomorphism classes of objects
Ko(R) = mo(V(R) = {

with product induced by X
Ki(R) = mi(V(R)) := Auty g (1)

If R is commutative we have a (monoidal) functor V(R) — Inv(R) by univer-
sality. This functor induces (split) surjections

Ko(R) — Pic(R) @ H°(Spec(R),Z) = mo(Inv(R))

Ki(R) -» R* = m(Inv(R))
and V(R) — Inv(R) is an equivalence of categories if and only if both maps are
isomorphisms. For a general commutative ring R this is rarely the case but it is true

if R is a product of local rings. Examples are the rings R = A, 4; := Ag,, 2, Ar
considered in the previous section.

6. Noncommutative Coefficients

In order to formulate Conjectures 1-3 in the commutative case it was neces-
sary to take determinants over R = A, A;,2;, Ar, and for these rings we have an
equivalence of categories V(R) = Inv(R). This suggests that the categories V(R)
can be used to generalize Conjectures 1-3 to motives M with an action of an arbi-
trary (semisimple) algebra A, and Z-orders 2 C A so that there exists a projective,
Go-stable ;-lattice T; C M;. This is indeed the case. More specifically:

e Z(4aM) is an object of V(A).

o 4V : Ly(ay) = E(aM) ®4 Ag is an isomorphism in V(Agr). Here the
tensor product V ®pg R’ for V' an object of V(R) and R — R’ any ring
extension has to be understood as the monoidal functor

-®r R :V(R)— V(R)
induced by the exact functor
— ®g R : PrMod(R) — PrMod(R')
and the universal property of V(R).
o Dy, (RT.(Z[$],T;)) is an object of V/(2;).
o 49 : E(M) ®4 A & Dy, (RTC(Z[%],TZ)) ®gq, A; is an isomorphism in
V(A).
An A-equivariant L-function L(4M, s) can be defined as a meromorphic func-

tion with values in the center ((Ac) of Ac [16][Sec. 4]. Its vanishing order can be
viewed as a locally constant function

r(aM) € H®(Spec(((Ar),Z)
and for any finitely generated A-module P we define dimy P € H®(Spec(¢(A),Z)
as its reduced rank ([16][2.6]).
Conjecture 1 (Final Version):
r(aM) = dima H(M*(1)) — dimy H}(M*(1))
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The leading coefficient L*(4 M) of L(4M,s) is a unit in ((Ag). There is a
reduced norm map

Auty (4,)(1) = K1(Ar) = ((Ar)™

which is injective but not necessarily surjective (in the case where Ag has quater-
nionic Wedderburn components the cokernel of nr is a group of exponent 2). One
may pick pu € ((A)* so that

pL*(aM) = nr(Ly, )

for a (unique) L, r € K1(Ar). Then the following conjecture is independent of the
choice of p.

Conjecture 2 (Final Version): The composite morphism
;yllk AVoo  —
Lv(ag) = Lv(ag) = E(aM) @4 Ar
-1
in V(Ag) is the image of a morphism 1y 4y —— Z(4M) in V(A) under the scalar
extension functor — ® 4 Ag.

Now recall that for any prime number [ the reduced norm map nr; : K1(4;) —
C(A;)* is an isomorphism so that there is a unique element p; € K;(A;) with
nr;(p;) = p. Assuming Conjecture 2, the morphism

1 ) L;1®AAZ _
L7 i1y — lyw,) ——— E(uM) @4 A

is independent of the choice of p.

Conjecture 3 (Final Version): The composite morphism
1
S

in V(4;) is the image of a morphism 1y (g,) — Dml(RFC(Z[%],Tl)) in V(2;) under
the scalar extension functor — ®g, A;.

L1

ly(a) — E(aM) @4 A A%, Do (RTL(Z[ =), Th)) @2, Ar

This conjecture is only of interest for non-maximal orders 2, in the sense that it
is implied by Conjecture 3 for commutative coefficients (for certain motives related
to M) if 2 is maximal [16][Prop. 4.2].

A Reformulation. Let V(20;,Q;) denote the Picard category whose objects
are pairs (V,7) where V' is an object of V() and 7 : V ®g, A; = 1y (4,) is an
isomorphism. Then 7o (V (2, Q;)) is the usual relative Ko(2l;,Q;) [16][Prop. 2.5]
and the object Dy, (RI'¢(Z[5],T;)), together with the map in Conjecture 3 defines
a class TQ(M,2A); € Ko(2;,Q;). Conjecture 3 is equivalent to the vanishing

TQ(M,A); =0

in Ko (2, Q). Moreover, as shown in [16][Sec. 3], one can define a class TQ(M, ) €
Ko(A,R) so that Conjecture 2 holds if and only if

TQ(M, ) € Ko(,Q) € Ko(A, R).

If this is the case then TQ(M,2); coincides with the [-component of TQ(M,2A)
under the decomposition Ko(2, Q) = @, Ko(4;, Q).
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7. The Stark Conjectures

There is only one class of examples where Conjecture 3 with noncommutative
coefficients has been considered so far, essentially those of our Example a) with
j < 0. Traditionally the motivation in this work is to investigate the Z[G]-structure
of the unit group OF (or of K1_9;(Oy) for j < 0 [14], [23]).

The following theorem indicates how previous work is implied by Conjecture 3.

THEOREM 7.1. Let L/K be a Galois extension of number fields with group
G and put M = h%(Spec(L)), A = Q[G]. Denote by M a mazimal order of A
containing Z|G].
a) Conjecture 1 is true.
b) Conjecture 2 is equivalent to Stark’s Conjecture as given in [72][Ch. I,
Conj. 5.1].
c) Conjecture 8 for A = M (and all 1) is equivalent to the strong Stark
Congecture as formulated by Chinburg [20][Conj. 2.2].
d) Conjecture 3 for A = Z[G] (and all 1) implies Chinburg’s conjecture [21]

W(L/K) + Q(L/K,3) = 0.

PRrROOF. We refer to [17] for details of this theorem. The key fact is the existence
of a perfect complex of Z[G]-modules ¥ which underlies both RI'.(Z[$],T}) and
=(4M), and which is quasi-isomorphic to a complex used in Chinburg’s work (a so
called Tate-sequence). The proof of this quasi-isomorphism is rather involved and
given in [15]. The implication in d) follows because the image of TQ(M, ) under
the natural map Ko(Z[G],R) — Ko(Z[G)) is w(L/K) + Q(L/K, 3). O

The supply of known cases of Conjecture 3 for M = h%(Spec(L)) and noncom-
mutative 20 = Z[G] is rather scarce.

THEOREM 7.2. (Burns-Flach/Chinburg) Let | be any rational prime such that
l =1 mod 12 and also (%) = —(é) = 1. There is a unique extension L/Q with
Galois group the quaternion group Qg of order 8, ramified precisely at {3,5,7,1,00}
and containing Q(v/21,v/5) [22][Prop. 4.1.3]. Then Conjecture 3 holds for M =
h°(Spec(L)) and 2 = Z[Qs].

Proor. Put V = Gal(Q(v/21,v/5)/Q). One verifies that the kernel of the
homomorphism

Ko(Z[Qs], R) — Ko(IM,R) x Ko(Z[Qs]) x Ko(Z[V],R)

given by the natural maps to each factor, is trivial (although the kernel of each map
to a pair of factors is not) [17][Lemma 4]. The image of TQ(M, Z[Qsg]) in Ko(9M, R)
is trivial because of Theorem 7.1 c¢) and the fact that the Strong Stark Conjecture
is known for groups all of whose characters are rational (such as Qg) [72][Ch.II, Th.
6.8]. The image of TQ(M, Z[Qs]) in Ko(Z[Qs]) is trivial because of Theorem 7.1 d)
and computations of Chinburg showing the vanishing of w(L/Q) + Q(L/Q, 3) [22].
Finally the image in Ko(Z[V],R) is trivial by functoriality [16][Prop. 4.1b)] and
Theorem 5.1. For a nice concrete interpretation of this last vanishing see [52]. O

One may ask whether there is hope of verifying Conjecture 3, or even just
Conjecture 2, in genuine non-abelian cases, for example where G = Gal(L/Q) is
isomorphic to the alternating group As. This group has five irreducible charac-
ters X1, X3, X3, X4, X5 where s takes values in Q(v/5) and the other characters
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are rational. For rational characters x the strong Stark conjecture for L*(x,0)
is known by [72][Ch.II, Th. 6.8]. For x3 one is in the favorable situation where
ords—g L(x3,s) = 1 (if L is imaginary) and one might be able to verify the Stark
conjecture numerically (see [67] for an example of such verifications).

Conjecture 3 for 2 = Z[G], on the other hand cannot be checked character by
character (but rather entails some relationship among all L*(x;,0)). A numerical
verification would possibly involve a computation of the full group of units of L
with its Z[G]-structure, and seems currently out of reach. We remark that Bley
[11] has verified Conjecture 3 numerically for certain cyclic extensions L/Q(+/5) of
order 3 and 5.

Beyond numerical verifications, one has to prove limit formulas such as the one
in section 5.1 relating Dirichlet L-series and cyclotomic units. There is now a large
supply of extensions L/Q with group As where it is known that L(x;, s) coincides
with the L-function attached to an automorphic form on GL;(Q) for all ¢ (combine
[19] with arguments as in [65] and the recent preprint [51]). This does not seem to
help in proving any relationship between the leading coefficient L*(x;,0) and units
in L, however.

For more information on the Stark conjectures we refer to the article of David
Burns in this volume.

APPENDIX: On the vanishing of p-invariants
by C. Greither

The purpose of this appendix is to give a proof that the p-invariant of an
often-used Iwasawa module (the one referred to as “limit of units modulo limit of
cyclotomic units”) is zero for the cyclotomic p-tower over every absolutely abelian
field K and for every prime p. The stress lies on the two occurrences of “every”:
for odd p this seems to be well-known, and for p = 2 and K a full cyclotomic
field, the result may be extracted from work of Kuz'min, see below. So if there is
anything really new here, it is the case p = 2 and K not a full cyclotomic field.
But for the reader’s convenience, and since it does not cost anything extra, we
shall give a unified argument for all p and K, with the only restriction that K is
assumed imaginary; we will provide a few comments on the real case at the end.
The author would like to use the opportunity to point out the following: In the
author’s paper [41], Theorem 3.1 and the subsequent remark c) claim an equality
of characteristic ideals, which would imply the desired vanishing of the p-invariant.
But this implication does not stand since the argument in loc. cit. only yields that
the characteristic ideals are equal up to a power of p. Thanks to Annette Huber
and Matthias Flach, who (independently) noticed this.

Let us define our objects precisely before we state the result. Let p be a prime
number (we repeat that p = 2 is permitted), fixed in the sequel. Let us also fix an
absolutely abelian field K with Galois group G over the rationals. Let K., be the
cyclotomic Z,-extension of K; write I' for Gal(K/K) and T, for Gal(K/K,,)
where K, is the n-th layer of K,,. We subsume p-adification in our notation by
writing F,, for Z, ® O}n and C,, for Z, ® Sinng,, where Sinn;, denotes the group
of circular units in Sinnott’s sense, for any abelian field L. Let E (respectively C)
denote the limit of the projective system (E,), resp. (Cp), via the norm maps.
(These are often written Eo, and C.) Finally we put A = Z,[[T']] as customary.
The result reads:
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THEOREM. Under the above assumption that K is absolutely abelian and tmag-
inary, and with the notation just introduced, the A-module E/C has p-invariant
zero.

Apart from a few short remarks at the end, the rest of this appendix is occupied
by the proof of this result. The essential input comes from Sinnott’s work: from
his main theorem [70][p.182] we immediately deduce the existence of a constant cx
depending only on K (not on n) such that

[En: Cn] = ck - h(K,})

for all sufficiently large n € N. This together with the Ferrero-Washington theorem
implies that there exists another constant A = Ag such that the index [E,, : C,] is
O(p*™) as a function of n. This does not directly imply the nullity of u(E/C), since
there certainly exists a projective system (X,,), of Z,[I'/T',]-modules with quite
slow growth and such that the limit is A/pA: take X,, = A/(p,T™). The point
is that the “natural” system (E,/C,), cannot misbehave in that way, as we will
show.

We will use an ad hoc notion. A family (not necessarily a projective system)
(Ap,)n of finite Z,-modules is called tame if the following holds: There exist positive
integers ¢; and co and submodules A}, C A,, requiring at most ¢y Z,-generators
each, such that the indices [A,, : A]] are O(p®'™) as a function of n. We observe:
Bounded families are tame; and if U,, C A,, for all n, then the family (A,,),, is tame
iff both families (Uy,), and (A4,,/Uy), are tame.

These observations easily lead to the following consequence: If the A-module
X has p(X) > 0, then the family of T'y,-coinvariants (Xr, ), will not be tame. We
therefore just need to show that the family ((E/C)r, ), is tame.

Let 4, be the canonical map Er, — E, and let B,, stand for its kernel. Write
B, for the image of B, in (E/C)r, . Then the induced map j, : ((E/C)r,)/B), —
E,/C! is injective, where C/ is the image of the n-th projection C' — C,. Al-
ternatively, C/, can be described as the subgroup of stable norms inside C,,, more
explicitly: C! is the set of all z € C,,, which are in the image of C,,, — C,, for all
m > n.

Assume we can establish the following two facts:

(1) (E,/C!)y is tame; and

(2) (B))n is tame.

Then from the injectivity of j, and the abovementioned simple properties of
tame families we get tameness of (E/C)r,, and we will be done. Fact (1) is,
obviously, a consequence of the tameness of (E,/C)), (which we know to hold)
and another fact:

(3) (C/Cl)p is tame.

It thus remains to establish (2) and (3); in fact we will show tameness with the
parameter c; set to zero, that is, the number of required Z,-generators is bounded
in both families.

Proof of Fact (3): One has to recall the construction of Sinnott units. Consider
the following group D,, of p-adified Sinnott circular numbers: D,, is generated over
Zy|G] by all elements zg = Ng(a)/0(@)nk, (1 — Ca), where Q(d) is short for Q(¢q)
and d # 1 divides the conductor f, of K,, and (d, f,/d) = 1. Then C,, = D,, N E,,,
by [57][Prop. 1] and an easy extra argument to eliminate those d which are not
coprime to f,/d. (For p = 2, one also has to put —1 into D,.) Since a Sinnott
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circular number as above can only be a non-unit at places dividing the conductor
of K,, and the valuations at all places above the same rational place are the same,
the intersection of the stable norms D), with C,, gives the stable norms C],. It
therefore suffices to show tameness of (D,,/D}),.

There is some ng such the conductor of K, is exactly divisible by pmtmot!
for all large n. Look at divisors d of f,, which are divisible by p, and note that
this forces d to be exactly divisible by p"T"0*! since we only consider d which are
coprime to f,/d. Using Galois theory one can check that for n large enough, the
degree of the field Q(pd) N K, 11 over Q is exactly p times the degree of Q(d) N K.
If n is large enough to make this happen, then the obvious fact that 1 — (; is the
norm of 1 —(,q in the degree p extension Q(pd)/Q(d), implies by chasing a diagram
of fields that zg is the norm of z,q in Kyq1/K,.

Therefore for any large n, all z; with d divisible by p are stable norms. There
remain only those z4 with d prime to p, so d must divide cond(K), so z4 is actually
in K, and a unit outside cond(K'). This gives an a priori bound of the number of
Z,-generators required for the quotient D, /D), and Fact (3) is proved.

Proof of Fact (2): We will find a bound ¢ so that all B,, are co-generated
over Z,. One easily sees that B, = projlim,,>,, Hl(Fm77l,Em), with Ty, =
Gal(K,,/K,). If E! denotes Z, ® Ok, [1/p]* (the p-adified p-units in K,,), then
we have short exact sequences

1—E,— E —V,—0,

where V;, is defined by the sequence. Then the Z,-rank of the free Z,-module V,,
equals the number of p-adic places of K, and is therefore bounded as m — oo, by
¢ say. Moreover the induced maps V,,11 — V;,, are all monic, so V = projlimV,,
is a free Z,-module of rank at most ¢’ as well.

By an old result of Twasawa [47], the orders of H' (T, ,, E/,) are bounded
independently of m and n, and in particular all these groups are ¢”’-generated for
some ¢’. Looking at the cohomology sequence coming from the short exact sequence
above we therefore see that we will be done, with ca = ¢’ + ¢”, as soon as we can
show that the modules projlim,,~,, H*(Ty,.n, Vi) are d’-generated over Z, for all
large n. But this is clear since projlim,,~, H*(Tpn, Vi) = H(T,,, V), and V is
c’-generated. -

This finishes the proof of Fact (2), and the proof of the theorem.

Remarks: (a) The case p =2 and K a full cyclotomic field can be deduced from a
result of Kuz’'min [56, Thm. 3.1]; a little argument is necessary for which we refer
to [62, p.77].

(b) One can show the following (we do not give the proofs, which use the same
methods). If one takes K a real abelian field, and retains the definition of C,, and C
as above, the result is no longer true for p = 2: instead one gets u(E/C) = [K : Q).
If one replaces Sinnott units by modified Sinnott units, i.e. by the groups denoted
C1.n, by Sinnott [70, p.182], and defines C' = projlim(Zy ® C ), then u(E/C)
turns out to be zero. One can even show that C/C is isomorphic to A/(2)%@. By
definition, C ,, is the group of all units of K,, whose squares are Sinnott units, and
the main point is that in a precise sense, almost all Sinnott units are squares for
real fields K.

(¢) If K is of odd degree over Q, then u(E/C) = 0 already essentially follows
from work of Gillard [39] and, again, the theorem of Ferrero-Washington.
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